Lecture 9: Kernel ridge regression
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Announcements

e HW 2 out tonight, due 9.11. 23:59

® Proofs skipped in class / exercise for home: You are supposed to
fully understand those steps, also of the exercises in class and in the
homework - the oral exam will primarily test your understanding of
how different proof steps fit together

Plan for today

® Another example of prediction error of square-loss minimizer:
Prediction error bound for ERM of norm-bounded RKHS

® Prediction error bound for regularized regression
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harametric prediction error bound

Definition (Localized (empirical) Gaussian complexity)

The localized Gaussian complexity around f* of scale ¢ is
- - | LI
Gn(F™;0n) :i= Gn(F*(x{) N BL(5,)) = E sup — Z wi A(X;)

|A|p<on,Aer N izg

- J

Lemma (Critical radius, MW 13.6.)

For any star-shaped F, it holds that @ is non-increasing and the
critical inequality ~ (

-

If F* is star-shaped, we have for the square loss minimizer f for any
t>1

nt5%

P(||f — £*||? > 16t62) < e 20°
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Recap: Reproducing Kernel Hilbert Spaces (RKHS)

® Recap motivation of kernel trick and kernel spaces

® abstract definition of reproducing kernel Hilbert spaces — can be
associated uniquely with a kernel I and equal to its induced
(unique) Hilbert space which is the completion of

® Jpre = {vazl aik(-,x;)): NeN,ae RN,Xl,...,XN € X'} with
inner pI’OdUCt <’C('7X)7K('7y)>}—/c — IC(Xa)/)

Theorem (Existence of kernel, MW Thm 12.13)

Given an RKHS F, there is a unique psd kernel ICx that satisfies the
reproducing property

® Fiin={f:f(x)=(w,x),w € R} is an RKHS with

K(x,y) = (x, z) as a reproducing kernel as a reproducing kernel

f = (wr,-,) and g = (w,, ) the inner product (f,g) = w,/ w,
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From function class (RKHS) to kernel: Sobolev spaces

£2([0,1]) is not an RKHS because convergence not point-wise

Some restrictions on £2([0,1]) can fix that: Sobolev space on [0, 1]
W3([0,1]) = {f : [0,1] = R | £(0) =0, " € L£3([0,1])} where
derivative exists almost everywhere

* IP (f,g) = J§ f'(x)g’(2)dz (interpretable)
® Sobolev kernel: K(x,y) = min{x, y}

® Reproducing prop.:
(F(-),min{-, z}) = [5 F'(x)Ix<zdx = [Z f'(x)dx = f(2)

® can extend to higher order derivatives / smoothness (HW 2)
W ([0,1]) = {f :[0,1] = R | £2)(0) = 0, £(*) € £2([0, 1))}
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Non-parametric regression in RKHS

Setting: f* € Fx for some kernel K and y; = f*(x;) + ow; w/ i.i.d.
Wi ~ N(O, ].)

® Recall the non-parametric (unpenalized) estimate f is defined as

~ 17
f € argmin — Z(y; — f(x;))? (possibly non-unique)
feF n i=1
Today:
® compute generalization bound for fin a particular RKHS

® Minimization of square loss in constrained space
Fr={f € F:|f|lx < R} (ommitting subscript k) or kernel ridge
regression (regularized square loss) using localized complexities
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Unregularized kernel regression

® Given emplrlcal loss £ 5°7,(yi — f(x;))? and (empirical) prediction

error 231 (yi — f(x,))z.

® Define the empirical kernel matrix K with Kj; := ’C(X”XJ) (this is the
normalized kernel matrix, more interpretable since e/genvalues
converge to operator eigenvalues)

® Now assume that the empirical kernel matrix is invertible.

Neighbor-Q:

a) What is the minimum value of the empirical loss?
b) How about the prediction error?

c) How about the localized Gaussian complexity?

d) For which kernels is the kernel matrix invertible?

Remember how to rewrite the empirical loss in matrix vector notation.
Compute the localized complexity and critical radius
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Regularized kernel regression

If ICis s.t. K is pd/full-rank for all distinct inputs — can interpolate!
In that case the localized Gaussian complexity will be of order 1.

F too large! — require bounded norm Fr = {f € F : ||f||r < R}

So we defined the regularized estimator fg is defined as

n

~ 1
fr € arg min — Z(y,- — f(x;))? (possibly non-unique)
feFr n i=1

By the representer theorem we can then write it as

1 2

1
min ——|ly = F(x{)[13 = min |l - Kall

® We now see eigenvalues of the kernel matrix can be used to bound
prediction error of fg w.h.p. via the critical inequality!
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Localized G.C. for RKHS with bounded norm
Lemma (local G.C. for norm-bounded RKHS, MW Cor. 13.18)

Defining [i; as eigenvalues of the kernel matrix K we have
~ 2 | Z
Gn(F1;0) <4/~ > min{42, i}

In fact, more generally Gn(Fy;8) < 1/ ’2+1 \/Z ", min{02, i}

- J

4 | 5°R
- E 52 < -
\/EJ mln{ “uj} o

- J

® By Lemma it then holds that Ug”(g:?j”;’?) <onrR
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Prediction error bound for RKHS with bounded norm

Theorem (Prediction error of norm-bounded RKHS)

Assume f* € Fr. Then we have for least-squares estimate ?R € Fr

Ifr — |12 < coR?02 1

with probability > 1 — cie” © ~ o2

J/

Note: Can easily generalize to f* ¢ Fr (more technical, without new
core insights) with additional approx. error infy s <g ||f — |5

Rates for actual kernel spaces F
-~ 2
® Ex. 1: a-smooth functions w/ fi; ~ j 2% — ||f — f*|2 < (’;’7‘7)2/3

2 Rn
: : " —cjlogj 7 2 _ o log(F)
® Ex. 2: Gaussian kernel w/ fi; ~ e”9'%8) — ||f — || < ——==
® For K on compact X empirical matrix eigenvalues [i; ~ p; for big n
where p; are integral operator eigenvalues (Koltchinskii, Gine '00)
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Proof for Theorem (prediction error off € FRr)

® Scale basic inequality by R to obtain = f—R*, f = %, o=%

n

1 * 2
) Z <3 >0 - 1 (x)

i=1

Hf — f*H2 < 2— Z W,(f(x, — f*(x,))
o _i=1
e Since f*,f € F1, A € Ff = Fy — f~ C F3 (F, suffices for

norm-bounded RKHS, but use F3 for penalized later) . . .

® Now argue similar to last lecture

® \Want %Z, W,'A(X;) < 2HAH,,5,,;R for all HAH,, > dp.r for some §,.r

® Using Ey SUPAcr, [A]l,<5 2 2oiet wiA(x;) = 5Ga(F3; 6)

® |t's sufficient that sup s 2N W, A(X

||A||n§5n;R7A€}_3

< dp.r Where we

ned modified critical inequality 55,,(]:3; Onr) < (5,27.,? in tail bound

e Observing ||¥ — £*||2 = R2||A|? yields the theorem. [ 11720

Proof of Lemma (local. compl. for norm-bounded RKHS)

® By representer theorem, can take sup over Fg by parameterizing
A() = % S ailk(+, x;) € Fs C F and hence A(x{') = v/nKa, s.t.

- 1
gn(Fr;a) =Ew sup _ZWI'A(XI')
Al z<r A< 75

1
= ——FE, sup w! Ka
\/ﬁ alKa<r?,al K2a<42
e Llet K=U"AU and 0 := ANUa — g,,(F,, J) = ﬁEW maxge w ' 0

n 92
with T = {# € R" | 29,2 §52,ZA—’ < r’}
i =1 Mi
o Let £:={0eR"|X;mif2 <1+r} DT w/ n =max{672 41}

max(w, §) < max w, ) <— max diag™1/? Pw,
pe(w0) = max | (w0) = max(diag 2 (n)w, )

5 (T 1412 w; 1412 L
® Hence G,(F;0) < \/ = F B/ 0 < /5525 via 1220




Regularized regression guarantees for metric spaces

® So far looked at empirical risk minimizers for the square loss of type
f € argminger » 0 (vi — F(xi))?

® But often type we minimize a loss with an additive penalty such as
in ridge regression

~ 1
f\ = argmin — c— £(x))? + M\llF1|3
= argmin o S S06 ) + Al I

® With the same definition of d,.g as before

Theorem (Prediction error for reg. estimators - MW Thm 13.17.)
For any convex function class F with a norm and F* star-shaped,
when \, > 263;R, there is a universal constant such that for f* € Fg

7 mR
fr. — |2 < cR?(6% 5 + \,) w/ prob. > 1 —cpe ¢ 2 .
n n nR

-

* Again, if f* & Fr yields add. approx. error infy s .<g ||f — F*|3

® if additional term \, ~ 62 5, same order as constrained 1320

Proof of bound for regularized regression estimate
For simplicity we write f for f,,

1. By optimality we have
i D) = PO+ Ml < 525w+ 01
which yields basic inequality after rearranging terms
SIA15 < 237 wi(e) + dolF 1 1713

2. Normalize f*,?,a by % like for norm-bounded —

—_—~— o~

~ —_—

f* f,6,A=Ff—f* (? different than in MW!)

1 % A x(12 7112
SIANR < =3 wid(i) + Xl 7115 — 1IF11%)
2 ; N ~ ’
(. ~~ J/ T2
Tn
Note that T» is a new term and A, f are not necessarily

F-norm-bounded which enters in localized G.C. for Fr to bound T3

14 /20




Proof of bound for regularized regression estimate

3. Either ||A||,.r < 6, and we are done, or ||Al|, > 6,.r on which
event we further analyze two events based on the F-norm of A and
show that in both events it holds that

AL < cdnrlAlln+As

for different constants ¢’, c(details in next slide)

a) on Event 1 |||z < 2 using previous arguments on T as for the
prediction error for norm-bounded RKHS using the critical inequality
and tail bound, as well as the fact that T, < ||f*||% < L.

b) on Event 2 |||z > 2 using a new (peeling) lemma for all
|A|l7 > 1. There we use T, to “cancel” large norms

4. Solving the quadratic yields ||A[]2 < c(05.r + An) O

15/20

Proof of 4. - regularization plays role of norm-bounding

We use the~shorthand czn for 0,.r. We now show that on both events
1& 2, c||A|?2 < con||A||ln + An for some (different) constants ¢/, ¢

a) Event 1: ||f||£ <2, then ||Al|r < 3 and we can use slide 10 and
the fact that Tp < 1: — yields 2||A]|2 < cdnr[|Alln + An,

b) Event 2: ||[f|lF>2>1> |[f*]lr — |AllF > 1

® Ti: can still bound T; using similar idea as in sl. 10, but iteratively
(peeling lemma) on event ||Allz > 1 (MW Lem. 13.23) yields with

nS%
probability at least > 1 — cje 2%
5- ~ ~ . A 2
swp 23 wiB(x) < 26|l + 202 Al + 12n (g

A * || A n - ]_6
AcF* ||AllF21 i

© oo M(llF)1% = 1IF]3) < 2, using
1All7 < [Ifll7 + 1£*]l7 and [[£*]1% = [£11% < [IF*[l7 — I f]l 7
— green “swallows” red term for large enough )\, > 262
— regularization takes care of not having explicit norm bound!

® Putting things together yields 3||A||2 < c6,[|Alln + & [|A]12 + 2\, 16/20




Peeling lemma idea - MW Lem. 13.23 (skipped in class)

® The idea is to make T; depend on the F-norm which we can then
“kill" via regularization (large enough A,)

® By star-shapedness of F we only need to show inequality with sup
over ||Al|lr =1

 However then, we no longer have ||A||, > §, (can essentially only
use the star-shaped argument on one of the norms)

® Then we do something like in chaining - split up event where eq. 1
does not hold and ||A||z = 1 (without boundedness of |A||,) into
subevents where |A||, € [tm, tme1] With t,, = 2™8, and union
bound.

® Union bounding with this choice of t,, with the usual concentration
bound (Lipschitz function of Gaussians in MW Thm 2.26)

For a detailed proof we refer to the book.
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References

Reproducing Kernel Hilbert spaces:

¢ MW Chapter 12
® SC Chapter 4

Non-parametric regression:

¢ MW Chapter 13
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Kernel eigenvalues (skipped in class)

® The empirical and population Gaussian complexities are close within
constants MW Prop 14.25.

® population Gaussian compl. depends on kernel operator eigenvalues

® For KL on compact X empirical matrix eigenvalues [i; ~ pu; for big n
where 1i; are integral operator eigenvalues (Koltchinskii, Gine '00)

Define bounded, linear Hilbert-Schmidt integral operator
Tic: L2 — L2 with Ticf = [K(x,y)f(y)dy, and we call y;
eigenvalues and v; eigenfunctions if Ticy); = pjv;

Theorem (Mercer's) (SC Thm 4.49, 451, MW Thm 12.20)

For IC psd with RKHS Fic, there exist eigenfcuntions and eigenvalues
Y;, pj > 0 of Tx that satisfy

. ¢j form an ONB in L?(P) and ¢; = \/ij; is an ONS in F.

- K(x,y) = >0 mjpi(x)¥j(y) converges in L?(P)

. If I also continuous, above sum converges absolutely and uniform/y)

AT =

Crucial: p;,1); depends on distribution P! 19 /20

Proof of Mercer's Theorem (skipped in class)

1. Main component: Hilbert-Schmidt Theorem (spectral theorem)
(e.g. Knapp Thm 2.5, any functional analysis book)

® For any kernel, Tx is compact, self-adjoint, has eigenspaces

® decomposition of image of Tx into 1); (countable) ONB of £, that
are eigenvectors of T

® sum converges in L2,

2. Positivity by definition of the operator and kernel psd
3. Why Tx maps to Fx SC 4.26.: Hoelder ineq, Bochner integrability

4. Absolute uniform convergence of sum for continuous kernel:
Non-decreasing sequences of continuous functions with a continuous
limit converge uniformly (e.g. Rudin 7.13).

Notes in S.C. they define it Tx more rigorously
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