GML Fall 23 - HW 2: Generalization bounds

1 Data-dependent generalization bound for hard-margin SVM

In this exercise, we will derive a refined upper bound on the population risk of the hard-margin SVM (support
vector machine) solution.

Recall the setting of the first in-lecture exercise, where we analyzed max-margin linear classifiers. The
function class of bounded linear functions is given by Fp = {f(z) = (w,z) : w € R?, ||w|s < B}, and we
assume that (z,y) come from a joint distribution P and we are given n training datapoints {(z;,v:),% € [n]}.
We made the following assumption:

Assumption A: Covariates x are bounded, P (||z[|z < D) = 1.

Given v > 0, we define the margin risk R7(f) = P (Y f(X) <~) and its empirical version R})(f) =
% ZJ:;:l 1y, f(z;)<~- In the in-lecture exercise, we proved that with probability at least 1 — 4, it holds that for
all f € Fp

2DB log(1/9)
V1

for some constant ¢ > 0. This statement holds for all fixed B and . However, the bound eq. 1 becomes less
and less useful as the margin of the data distribution gets smaller, as in this case R} (f) remains large for
any f. If we make an additional margin assumption on the distribution, and instead of any f, consider the
specific hard-margin SVM solution, we can obtain a more useful bound:

R(f) =P (Yf(X) <0) <R)(f) + (1)

Assumption B: Data is linearly separable, i.e. there exists w* with the smallest />-norm such that
P(y(w,z) >1) =1.

Definition 1. The hard-margin SVM solution is

fsvm = (wsva,-)  where wsyy = arg min||w||z s.t. yi{w,x;) > 1
w

In particular, for the hard-margin SVM solution the following holds:

Theorem 1 (Distribution-dependent margin bound). Under Assumption A and B, with probability at least
1 — 9 it holds that
2D||w* log(1/6
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P (YfSV]VI(X) < O) <
where ¢ > 0 is some constant.
a) Prove Theorem 1.

The bound of the preceding theorem depends on ||w*||2, which is unknown. In the following, we will derive a
bound which depends on the norm of the output of SVM; hence it can be calculated from the training set
itself. For some training data data, the margin could be larger, and thus we could instantiate eq. 1 with a
larger v to get a tighter bound:



Theorem 2 (Data-dependent margin bound). Under Assumptions A and B, with probability at least 1 — § it
holds that

2eD||lwsv |2 \/log(1/5) + log(4log [|wsvm||2)
+c
\/ﬁ n

Notice that this bound could be tighter than Theorem 1 since ||wgy |2 < [|w*||2-

P (Y fsvam(X) <0) <

The proof of Theorem 2 is based on the principle called Structural Risk Minimization (SRM). SRM aims to
alleviate the problem of overfitting which arises when minimizing the empirical risk within a large preselected
function class F. Instead, we could rewrite a (too) complex function class F as a nested sequence of function
classes with increasing complexity: 1 C Fo C ..., F = UZO:1 Fi. One then minimizes the empirical risk
penalized by some complexity measure of the function class, so that we can find an optimally complex
predictor f € Fy, for some k (e.g. a polynomial of degree 5 when F is the space of all polynomials). For more
context read Shalev-Schwartz, Ben-David Chapter 7.

We first prove a result on SRM in b) and then use it to prove 2.

b) (Structural Risk Minimization) As above, assume we are given a function class F which is a union of
a nested sequence of function spaces, i.e. F = |Jp—, Fx and F; C Fa C .... Given a positive sequence
(01, 02, ...) which satisfies Zfil 0; < J, we define for each k and each function f € Fj the event

Bip = R(f) - BO() < ey B2 L% L om, (7).

Assume that for each k, the intersection of these events holds with probability at least 1 — §y, i.e.

P| () Bk, | >1— 6
fe€Fk

Prove that with probability at least 1 — ¢ it holds for all f € F that

R(P) - Rolf) < oy 0D o (7, ).

where k(f) is the smallest index k s.t. f is contained in Fj.

c) (Data-dependent generalization bound) Prove Theorem 2. Hint: for the proof, you might want to
utilize b) with an appropriate choice of Fj, and dy.

1.1 Solution

a) Let B = |[w*||,, and consider the set Fp = { f(z) = (w,z) : w € R%, ||w|, < B}. By the definition of
the hard-SVM and since |[wsvmlly < [|w*]|,, it holds that fsym € Fp. Given v > 0, using Equation (1)
from the assignment sheet, we can see that it holds with probability at least 1 — ¢ for feym:

Ly 2D |jw]| log(1/9)
P (Y fsvu(X) <0) < — ;Hy,,fswm)q e R TE

We now minimize the right-hand side of the above inequality with respect to «. For v > 1, we find that
Riypr, is 0. Considering the fact that % (from the Rademacher term in the above bound) is decreasing in
the interval v € [0, 1], we conclude that the minimum of the RHS is obtained with v = 1. Therefore,

]P’(YfSVM(X) < O) < 2D\|/1%*||2 +C\/@.




b) From the definition of F we observe that for each f there exists a k(f) that is the smallest index % s.t.
f is contained in Fj. We now compute:

1_5§1_5k(f)

<P| () Ewspr
F'€Frs)

=P (Ekm,f)

c¢) Suppose ||wsvar|| > 1. Consider the function class F = U2 | Fp, , with

Fp, = {f(z) = (w,z) :w e R 1 < [lw|lz < By} and By, = €*. Let 6, = 125 (which satisfies Y5, 6 < 6).
Using Equation (1) from the assignment sheet and the previous sub-question, we have that for all f € F with
probability at least 1 — 4, it holds that:

2D By, log(1/4)
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P(Y f(X) < 0) <

If we now let k = [log(||wl||2)] we have that:

2eDl||w
P(Y fsvar(X) < 0) < lwsvallz

c\/log(1/5) + 2log(4log(|lwsvall2))

vn n
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2 Rates for smooth functions

c/\/log(1/5) + log (4 log(|lwsvaml2))

n

Read MW Examples 5.10. through Example 5.12. (notice typos in Example 5.11. - it should be § = ¢**7
everywhere). The non-parametric least-squares estimate is defined as

n

1

f: argmin R, (f) := — Z(yz - f(xv))Q

fer

n -
=1

. In this exercise we derive the prediction error bound for the examples of twice-differentiable functions F3)

and a-th order Sobolev spaces W ([0,1]) on [0, 1].

Foy ={f 10,11 5 R [ | flloo + 1/ Ploo + [1fP ]l < C < 00}
WS([0,1]) ;= {f:[0,1] = R | f¥ e £2([0,1]) and fP(0) =0Vi=0,...,a — 1}



where f() stands for the a-th (weak) derivative. Throughout the problem, we assume that f* € F.

a)
b)

2.1

Prove that the set {f5, 8 € {—1,+1}*} in Example 5.10. forms a 2¢L-covering in the sup-norm.

For the function class

Far ={f [0 5 RI[fD]ee €C;V5 =0,...,0,|f (@) = £ (@) < Llw — /| Vo, 2’ € [0,1]}

we have log NV (&; Fa v, || - loo) = O((%)ﬂlv ). Use this fact to establish the following prediction

error bound for the non-parametric least-squares estimate ]?With F = F(g) for positive constants
¢y, ¢1, co which may depend on C but not on n, o2

[N~}

B(IF = f*I2 2 eo(%)?) < exe2/7)
n
For a-th order Sobolev kernels, assume that the empirical eigenvalues decay with rate fi; = j 2% and

we minimize the square loss in the constrained function class F = {f € Wg([0,1]) : ||f]l= < 1}. Show
that the prediction error of the non-parametric least-squares estimate reads

2 2a

1
BIF = 12 > co( %) 757] < erem (@)
n

Solution

We prove that the set {fs, 3 € {—1,+1}M} is a 2eL-cover of F;, by showing that for any f € Fy, it is
possible to construct a sequence 8 such that ||f — f3]|cc < 2€L.

For an arbitrary f € Fr,, let us construct 8 = {f1, ..., Bar} in the following way:

B = sgn(f(€)); Bry1 = sgn (f((k +1)e) — lyel)) ,Vk > 1

where I, € Z is the level in the grid on the vertical axis that approximates f(ke) according to the
previous choices of {f, ..., Bx}. Assuming the whole 8 is known and the function f is completely
determined, we can write fg(ke) = lxeL.

As shown in Exercise 5.10 from MW, fz € F1,V3 € {—1,+1}™. So what remains to be proved is that
an arbitrary f € Fp is 2eL-covered by fg, with S defined as above. More formally, we have to show
that ||f — f3llco < 2¢L.

............................................................................................... 1 pt
We propose a proof by induction over the M intervals that | f(ke) — fg(ke)| < eL,Vk € [M]. An essential
premise for several steps in the proof is that f is L-Lipschitz. For the first interval we have for any
x € [0, €] that:

sup [1(0) = f5(0)] = sup |7(0) ~ eL-sen( (o))

z€[0,¢€] z€[0,€]

< sup |f(x)] +
z€[0,€]

< 2eL

L s ()

For the inductive step, we assume that sup,cp e [f(z) — fa(2)| < 2¢L and want to show that



SUPze (ke,(k+1)e |f( ) — fa(x)] < 2¢L.

swp (@)~ fa(e)l = sup ﬂm—(mmH«L%Mﬂm—m%mm‘“ﬂ
z€(ke,(k+1)e€] z€(ke,(k+1)¢€] €
= sup f(x) — fa(ke) + fa(ke) — (f@(k‘e) +eL-sgn(f(x) — fa(ke))
z€(ke,(k+1)¢€]

— ke

IN

sup h@um—m@me< ~ folke)| — L’
z€(ke,(k+1)¢]

x — ke

A

sup || f(x) = fa(ke)| — €L

z€(ke,(k+1)¢]
< 2eL

The last mequahty holds because on the one hand we have that 0 < eL*—< ke < ¢ and on the other
hand 0 < |f(z) — fa(ke)| < |f(z) — f(ke) + f(ke) — fa(ke)| < 2¢L.

............................................................................................... 4 pt
Remark: A similar argument can be used to show that the same set is a eL-cover of F;, but in this
case one would have to be more careful to keep into account the smoothness of a function f € Fp,
inside the quadrants as well.

The main idea is to bound the error of the non-parametric least-square estimate using the prediction
error bound in Lecture 4/5 (MW Theorem 13.5). We set out to find a d,, that satisfies the critical
inequality and thus makes the bound in the theorem hold. We can use Dudley’s integral to bound the
localized Gaussian complexity in the critical inequality. One such result is given by Theorem on slide 7
Lecture 5 (MW Corollary 3.17). We use this to select the d,,.

Concretely, for the function class F, ,, we can start by rewriting the integral as follows:

1 6
zﬁ@¢MMWWWMa</wWwaM@

f/ ( )2(a+w)
-0 (e )

............................................................................................... 3 pt
Using Corollary 13.7 from MW we can conclude that in order to choose a §,, that satisfies the critical

1
inequality it is sufficient to select a value that satisfies ﬁél 2t < O (%).

5 2(aty)
~ 0 2(at+v)+1
~ — .

n

By rearranging the terms we obtain 62

By the definition of F(2), we see that F(9y C F1,1 by the fundamental theorem of calculus. The final

4
result follows now by plugging the value of §2 = 0%2 ® into the prediction error bound (note that we
choose t = 1 in the bound by notation in lecture, which differs from the notation in the book).

x — ke

€

)



¢) The solution follows the derivation in Example 13.20 in MW. We use the bound on the localized
Gaussian complexity of a norm-bounded RKHS introduced in lecture 6 (see Lemma on slide 8). We
then plug this into the critical inequality to choose a d,, that satisfies it, thus bounding the prediction
error with high probability.

We start from the aforementioned lemma in the lecture. Let us choose k € N such that j, = k=2 >
62 > (k+1)72% = x4 i.e. the index k of the smallest eigenvalue larger than §.

G OV3(0,11)56) < /2 | S min{a?, i}
j=1

n
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_ /2 Zmin{é{%}
Jj=1
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=4/= | ko2 —
n + Z j2a
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(@) o
< \/E k52+/ —21 dt
n k41 teo
2
— - 2 1—2«
\/;\/ka + O ((k+1)1-2)
© \favoum

The resulting second term can be then upper bounded by an integral as we did in (i). In (ii) we use the
fact that, by the definition of k, k6% > (k + 1)1 72,

............................................................................................... 3 pt
In order to get rid of the dependence on k, we can further upper bound k4?2 like k62 < 62~ = by using
the left-hand side inequality in the definition of k. We obtain that:

1

G (W5 (]0,1]);6) < \/Z\/WS 0 52— =

n

............................................................................................... 1 pt
Using Corollary 13.7 from MW it follows that in order to satisfy the critical inequality, it suffices

P
to choose a § such that 4/ ‘SZT” <0 (%) After conveniently rearranging the terms we arrive at
52~ ( -2 ) ey

n n

Plugging everything into the statement of Theorem 13.5 from MW, like we did for part a), concludes
the proof.

3 Sparse linear functions

We already looked at the complexity of linear function classes with a margin « and ¢, norm constraint in
previous homeworks and lectures. In this exercise we bound the Gaussian complexity of a smaller subset of



{5 constrained balls i.e.

Frs ={f(:) = (0,2) : |00 <s,[|0ll2 < B}

This is a useful quantity as it gives intuition for why constraining the function class to sparse linear classifiers
(as in the computationally infeasible case of sparse linear regression) can help to decrease the sample complexity
below dimension d.

a)

3.1

Define X € R™? as consisting of rows x1,...,z, the sample covariate vectors. Let the matrix
Xg € R™*I8I be the submatrix of X consisting of columns of X that are indexed by S. First show

that the Gaussian complexity G, (Fp s(z})) can be rewritten as —=Esup, (6, X—Tw> Use this fact to

i NG n
establish G, (Fp o(27)) < BE,, max|s|—, | X5 |,.

Define wg = ﬁng Assuming that for all subsets S of cardinality s we have AmaX(XSTnXS ) < C?,

prove that
2
P(||wslz > v/sC + 6) < e 367
Hint: The Fuclidean norm is a Lipschitz function.

Use the preceding parts to show

slog(&d
G.(Fa)) < O(BCY| T,
We use the set
- X0
Fow={f() = (0.2) : 6] < s, K02  py

T S

for bounding the prediction error of the best linear sparse approximation. Prove that

slog(%)

gn(]::B,s(m?)) S O|B n

Solution

To rewrite the Gaussian complexity we simply rearrange some terms and use the matrix notation for
the points 7. We then use Cauchy-Schwarz inequality to pull out the supremum of ||6]|2 and arrive at
the final result. In what follows, we denote with ® the elementwise product and for a set S C [d] and
the vector 1g € R™ is defined as (1g); = 1, for i € S and 0 otherwise.

It is important to observe that any sparse 6 with ||f|lo < s can be written as § = 0 © 1g,, where
Sp C [d] is the set of indices of the non-zero values of 6 and thus |Sg| < s.
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b) A key insight for solving this is to notice that for any i € [s], (wg); is a linear combination of iid
standard Gaussians. This means that it is itself distributed according to a Gaussian N'(0, > (Xs)Z,).

i= ij
............................................................................................... 1 pt

Moreover it is important to point out that the norm of wg is C-Lipschitz wrt w because
lws|l = HﬁngH < C|lw]|. This allows us to use Theorem 2.26 from MW from which it follows that
|lws|| — Ellws]| is sub-Gaussian with parameter C.

............................................................................................... 1 pt
XTw wT XX Tw
Ellwsll] = E [| NG ||2] ~E [\/nﬂ
(é) \IE wl' XgXTw _ g tr (wTXSng)]
n n
@ |g tr (XsXZTwwT) _ tr (XSXTE [wa]) _ (XsXT)
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S
(44%) Xng Xng
= )\z < A’rnam <C
\Jg ( n =4\ ° n \/g
............................................................................................... 2 pt
This yields the following;:
;52
P [Jwsl = OV + ] < P[llus] = Elflws]] + 8] < e
............................................................................................... 1 pt

Inequality (i) follows from Jensen, in (ii) we have used the cyclic property of the trace. The identity (iii)
uses the fact that the trace of the matrix A is equal to the sum of its eigenvalues, denoted by A;(A).



c¢) For point a) we have proved that the Gaussian complexity is bounded by the expectation of the
maximum of a finite collection of random variables.

As we stated in part b), the random variable ||wg|| — E|lwg|| is zero-mean and sub-Gaussian with
parameter C for any S.

Notice that there are (;l) ways to select the set S C [d]. We can use the inequality for the expectation
of the maximum of sub-Gaussian random variables that we derived in the previous homework, because
it applies for random variables that are not independent as well (as is the case here). Thus we arrive at
the following:

Gn(Fps(2})) < BE max H ngg
n\Y B,s\1 1S[=s n
R P R FeN

Vn |S|=s vn

< 3OVE L g lwslls = Elws]l
Vn 1S|=s Vn

log (@

<395 L poley el | 4 pt
n
slog (%d)
n

(i4) log(&d
< Bco |4/ Ogn( 2 B 1 pt

S
Inequality (i) employs the fact that (g) < (%) and inequality (ii) follows from the fact that we ignore

constants (hiding them inside the big-O notation) and /s < {/slog (%d)

d) The main idea is to use the same arguments as before in parts a), b) and ¢) but applied for a different
Lipschitz function.

From part a) we have that:

1 XT 1 XT
— Yo = __E sup sup(ﬂ 0s)

gn(fB,s(xrll)) = \/EESI;I)<W79> \/ﬁ |S|=s Os \/ﬁ ’

We can rewrite the inner product to take advantage of the upper bound on || )\% Il2-



1 X7T
—F sup sup(ﬂ

7GS>
Vi isi=s 05 VT

= LIE sup sup{w XSOS)
Vi si=s 65 /N

1 Xs0
= —E sup sup(wg, 575

VI |s|=s 0s Vvn

B
< —=E sup [ws]l
n |S|=s

gn(]:B,S(m?)) =

)

We denoted by wg the orthogonal projection of w onto span(Xg) and by P[Xg] € R**™ the projection
operator. By the orthogonality of the projection, the norm of wg is 1-Lipschitz wrt w. So given parts
1

b) and c), the conclusion follows by taking C' = T

4 Bonus: Classification error bounds for hard margin support
vector machines (SVM)

In this exercise, we derive upper bounds for the 0 — 1 classification error of hard margin SVMs, also called
max-£o-margin classifiers, and defined by:

(2)

n : <9a .’L‘>
f = argmax min

0eRrd (z,y)eD " ||0]|2

where D = {(x;,v;)}, is the dataset consisting of n input features/label pairs. We remark that the
hard-margin SVM is obtained when running logistic regression until convergence on separable data.

For this exercise, we assume that the dataset D is generated by drawing iid samples form the following
generative data distribution (z,y) ~ P where the labels y are uniformly distributed on {—1,+1} and the
input features are in the form of x = [yr, ] with & ~ N (0, I;—1). Furthermore, let v be the max-f5-margin of
D in its last d — 1 coordinates, defined by

3)

o . <é7 332;(1>
= max min y-——s—"
feRI-1 (z,y)ED ||0||2

A simple geometric argument shows that the max-fo-margin classifier (up to rescalings) points in the same
direction as

6 =[r,70] (4)
where |||, = 1.

a) Compute the test error of the max-fs-margin classifier in function of v and r, i.e. for (z,y) ~ P, what is
P[yf "z < 0]? What is the dependence on r?

b) Note that 7 is a random variable dependent on n and d. We aim to understand the dependence of the
accuracy on n and d. Hence, we want to derive non-asymptotic high probability bounds on v. Let
X € R"*(4=1) be the datamatrix in the last d — 1 dimensions, i.e. row i in X equals T [2:q)- Show that

Smax (X)
7S e

where 8,4, (X) is the largest singular value of the datamatrix X.

(5)

10



c)

Recall that each entry of X is i.i.d. standard normal Gaussian distributed. To achieve non-asymptotic
bounds on $p,q.(X), we first prove the following Lemma in two steps.

Lemma 1. Let X € R™*9 he such that all entries are ii.d. normal distributed. Then,

E [Smaz(X)} < \/&4» \/ﬁ

i) Recall that spae(X) = max,cga-1 ,esn-1(Au,v) equals the supremum of the Gaussian process
X = (Au,v). Define Y, , = (g,u) + (h,v) where g € R¢ and h € R" are independent standard
normal distributed variables. Show that

2

E ‘Xu,v - Xu’,'u’ ? S E |Yu,v - Yu’,v’

(6)
ii) To finish the proof of Lemma 1, we use the following important result:

Lemma 2: Slepian’s inequality Consider two Gaussian processes (Xi)ier and (Yi)ier whose
increments satisfy Equation (4) for all ((u,v), (u/,v")) € T. Then E[supierXt] < E[supierY?]

Prove Lemma 1 using Lemma 2.

Use Theorem 2.26 in MW and Lemma 1 to prove that s,,4.(X) < v/d + /n + t with a probability of at
least 1 — 2¢~/2,

Solution

Using that 0 = [r,v0], we find that

d d
P{yéTx<O}:P yrx1+’yzxi§i_1<0 =P r2+72xi6~i_1<0 , (7)

=2 =2

where we used that z; = yr. Note that 2?22 :ciéq;_l is a sum of independent Gaussian distributed
random variables (RVs). Recall that the sum of two Gaussian distributed RVs is again a Gaussian
distributed RV with a variance equalin§ the square sum of the variances and the mean the sum of the
means. Using this fact, we find that ) , x;6;_1 is standard normal distributed since Z?;ll 6% =1 and

2

P {yéTx < 0} = (—2) : (8)

where ® denotes the cumulative density function of a normal distributed RV. Clearly, the test error is
monotonically decreasing in 7. .. ... 5 pt

We can rewrite the definition of the max-f3-margin v as follows:

LA L T y(0, z2:q). (9)
Let 1,, denote the all ones vector of size n and recall that the labels y are independent of the last d — 1
coordinates of the input features . Using the definition of X and the fact that a standard normal
distributed RV times an independet RV which take the values 41 or —1 remains a standard normal
distributed RV, we can write
= max b
0cRI—1 ||0||2=1 (10)

subject to 67X > bl,,,

11



where the greater than sign is elementwise. Recall the following important property of the maximal
singular value: for any vector 6 with ||f]|2 = 1, we have that |§7 X |2 < $,142(X). Hence, taking the
norms on both sides yields s;qz > b||1n||2 such that b < Spmaz/vIe  coveiii i 5 pt

¢) 1) Using the definition of X, ,, we find that
d n
EHXu,v - Xu’,v/|2] =E |:|<Auv U> - <Au/» U/> |2:| =E Z Z A j (Uﬂ); - uévj) ) (11)
i=1 j=1
where a; ; is the (7, j)th entry of A and normal distributed. Since all entries of A are i.i.d. standard

normal distributed the cross terms of the expectation are 0, i.e. E[a; jay ;] =01if i # i or j # 5’
and the non-cross terms satisfy Ela7 ;] = 1. We find that

E |:|Xu,v - Xu’,v/

| =) = @ o) = = o =) P < fu— I o =3 (12)

Similarly, from the right hand side, where in this case h, g are vectors as entries i.i.d. normal
distributed RVs, we find that

E[[¥s — Yur ] = = o+ o = v/ (13)
.......................................................................................... 3 pt

ii) Using Slepian’s Lemma, we find that
E [$mae(X)] =E I(naqu,v <E I(nax Yio| =E l{n&))((g,u) + (h,v)] . (14)

Clearly, max, (g, u) is achieved by setting u = ”99”2. Hence, we find that

Elsmaz (X)) < [lgll2 + 122 = Vd+ V/n. (15)

d) We can write the matrix X as a vector of size R9*™. If the maximum singular value functional is a
1-Lipschitz function, then Theorem 2.26 yields the result directly. Note that for any matrices A;, Ay of
size R"*? it holds that

ysmaw<A1) - Smaz(A2)‘ =

max A2 — max A0 ||2] - 16
GER”{7|\9\|2:1 || 1 ||2 9'€Rd7\|9\|2:1 H 2 H2 ( )

Without loss of generality, we assume that s;,az (A1) > Smaz(A2). We find

< max [|A410]]2 — ||A20]]2 < ||A1 — AsllF,  (17)

max HA19||2 — max ||A20/||2 <
1 OER,||0]]2=1

0eR?,||0]]2=1 0’€R4,[|0||2=

where ||A; — As||# is the Frobenius norm of A; — As. Hence, the maximum singular value functional is
a 1-Lipschitz function, which concludes the proof. ....... ... ... . . . . 5 pt
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