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Motivation

Phase Retrieval - Motivation
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Motivation

Phase Retrieval — K dimensions

Signal processing approach: K-dimensional

Problem Given ¢, = [{(am, x)|* for m=1,..., M
formulation Recover X € CK

mm) Determinea,,and M

Whenis x — (an, x) @ Choose {a,} as basis
injective? e M=K (e.g. DFT)

When is x — [{am, x)|? © Generic frame: M 2 4K-2 (or 4k-4?)

injective? e Choose {a,,} as MUB or as a
[Balan et al. 2009, Balan 2006] 2-Unif0rm M/K tlght frame
with M = K2

R. Balan, B. G. Bodmann, P. G. Casazza, D. Edidin, ,Painless reconstruction from magnitudes of frame coefficients “ J. Fourier Anal.
Appl., vol. 15 (Aug. 2009), no. 4, 488-501.
R. Balan, et al.,"On signal reconstruction without phase." Applied and Computational Harmonic Analysis 20.3 (2006): 345-356.



Motivation

Phase Retrieval - Motivation

K dimensions = oo dimensions ?



Motivation

Phase Retrieval — co-dimensional signal space

Time (spatially) limited signals x € £*(T) withT = [—L, L]

Define ,Fourier Transform”: x — X(z) 1= /x(t) e dt,Vz e C
T

ms) x c L3(T) & X(z) e PWr)2
e X(z) isan entire function with |%(z)| < Cezl?l
o [ |%(w)lPdw < o0

=

Isomorphic with inverse:

x(t) = - /R&(w)eit"" dw Vt € T

Recovery of x(t) < Reconstruction of X(z)

Hormander, Lars. The Analysis of Linear Partial Differential Operators: Vol.: 1.: Distribution Theory and Fourier Analysis. Springer-Verlag, 1983.



Motivation

Phase Retrieval — Approach overview

x = [(am )P = g oM (R)2

with linear measurement functional ¢4 () : PWr —C
determined by specific measurement setup

Problem Given ¢{™ = [ (X)|2 form=1,...,M, n€ Z
SUBIEUCUR Recover X € PWr )

Goa |Z Find measurement scheme and thus ¢5Eqm)()

leading to the subproblems:

@ Finite dimensional phase retrieval

@ Interpolation from samples



Main results Setup

Our approach — Measurement setup

9W(nB)?
x(t)
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= |yM(nB)?
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measurement  Wwithrate 1/p
K ozgm) X(nB + 5\1)
Z ')‘kt m=1,...l\/l,:\k€(C ol = : Xn 1= :
k—1 ol %(nB + Ak)
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Main results Parameters

Choice of modulator coefficients o.(™m

@ For each n solve ==) Choice of vectors a(™)?
How big is M?

* Sufficient condition: {a(™}is 2-uniform M/K-tight, M = K2

* Instead of X, obtain Qz = X,X*

A M M [Balan et al., 2009]
_ ) (m) 1 (i)

B . [Candes et al., 2013]
min log(det(Qx + €))

s. t. trace(a(m)a(m)* Qx) = cMym=1 ..M
Qx>0

* Eigenvectors of Qg = %,%*: X,e' V0 € [, 7]

==) Finite dimensional signal recovery only up to constant phase

R. Balan et al., ,Painless reconstruction from magnitudes of frame coefficients “, J. Fourier Anal. Appl., vol. 15 (Aug. 2009), no. 4, 488-501.
E. J. Candes, Y. C. Eldar, T. Strohmer, V. Voroninski, ,,Phase Retrieval via Matrix Completion “, SIAM J. Imaging Sci. vol. 6 (2013), no. 1, 199-255.



Main results Parameters

Sampling in the complex plane
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Main results Parameters

Sampling in the complex plane
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Motivation

Phase Retrieval — Approach overview

@ Interpolation from samples {Xp}necz -+ X



Main results Parameters

Phase propagation
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Different constant phases!

(@ Choice of A;:  ® Consecutive finite blocks should have at
Ieaslt one overlap

e X 7é 0 at these overlaps!



Main results Parameters

Sampling in the complex plane

Tim(z2)
() () ()
. o= . °
° ° ° Re(z,)
° A\ o °
-1 nB+ Xp =: A

Relabelling all sampling points A = {)\n}nGZ

Recall: @ Interpolation from samples {)’%ne'gn}nez —-» X

@

{)?neie”}nez — {f(()\n)emo}nez s kel

m=) Choice of 4,,7?



Main results Parameters

Choice of A, — Complete Interpolating Sequences

@ {)?()\n)}nEZ @)?a

)

==) |nterpolation condition: X,(\,)
2 X(A

X(An) VneZ
Solved by: X,(z) = Z (z

n)¥n

mm) Choice of 4, for perfect reconstruction such that

X,(z) =%(z) Vze C
&= X,(\,)=X(\,) Vn € Z solved uniquely

e&=: {\,}ncz complete interpolating for PWr /o

Nice result for Paley Wiener spaces




Main results Parameters

Choice of A,— Zeros of sine-type functions

For X € PWT/Q

Theorem (Complete Interpolating Sequence)

{An}nez is a complete interpolating sequence

&= {e'M?} -7 is a Riesz basis for £3(T)
e.g. zeros of sine-type functions S(z) of type >T/2
of the form S(z) = P.V. ][], c,(1 = )

= ((z2) = Z)?(/\n)S, 5(2) _ Zsz()\,,) H %

nez (An)(z = An) ncZ m=£n
Example (Sine-type functions)
For T = [—, 7], sin(2) is of sine-type m == {An = n}tnez

Shannon series: )’?(z) _ ZS\((”) Sin(W(Z = n))

= w(z — n)

B. Y. Levin, , Lectures on entire functions”, American Mathematical Society, Providence, RI, 1997.



Main results

Main Theorem

Reconstruction

(1) (1) (1) _ 15(0) 2
N N 9] cn = [91(nB)|
x(t) p(t)
(M) o(M) (M) _ 1o(M) 2 (m) ._
o Y M |§(M)| > o 17 (nB)| o™ =
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form=1,...,M, n &€ Z whenever
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interpolating sequence

Given the measurement setup and p(™ as above.
Then X € PWt/,5 can be perfectly recovered from 5™ = |(alm, %)

o X = ™ injective

> %0 }pez = {&(An) }nez
is defined

T {Q(An)}nez’: = X
unigue




Corollary

Corollary — Signals with known maximal energy

How can we ensure that X(\) # 0 at the overlapping sampling points?

Corollary

Let the maximal energy of x be known ||x|| z2(ry < Wo

Consider the following function as our signal in the
Fourier domain with T2T

0(2) = Dcos(L-z) — X(2)

== when Dis large enough, the zeros of V are
concentrated in a strip | Im(z)| < H

== then, one can find {4} for perfect reconstruction of x
from c{™ = [(a{™ 7,}|2 up to a constant phase

Example construction of feasible 1,, o)



Corollary

Avoiding samples at signal zeroes

Theorem (Levin)

By shifting the imaginary parts of the zeros of a sine-type function, the

corresponding function S(z)=P.V. H(1 _ i)
neZ )\n
remains to be a sine- type function, i.e. the resulting zeros are still a

complete interpolating sequence.

Im(z)
H
) o o
o ~ . o
° o " ° o © ° o R
0 rd
. ° o ‘o 3 o Re(z)
° ° ° ° ® ° °
-H

B. Levin and I. Ostrovskii, “Small perturbations of the set of roots of sine-type functions,” Izv. Akad. Nauk SSSR Ser. Mat, vol. 43, pp. 87-110, 1979.



Discussion

Summary and discussion

@ Perfect signal reconstruction from magnitude measurements for
x € L3(T) < %€ PW1 /2 by using special structure of the modulators
K

p{m(t) = Zoaim)eis‘“t m=1,..M, \eC
k=1

@ Overlap non-zero condition unnecsesary when maximal energy
x| z2(ry < Wo of the signal is given

@ For K=2 and one overlap, we obtain the minimal overall sampling rate
R = 4Ry, with the nyquist rate Ry =

27



Discussion

Open questions:

' ‘ i Pohl, Yang, Boche, 201
==) Extension to bigger signal spaces, e.g. to P e Foche 2013

Bernstein spaces with sup |X(w)| < co
weR

==) Behavior under noise disturbance?

==) Extension to the 2-dimensional case?

V. Pohl, F. Yang, H. Boche, ,,Phaseless Signal Recovery in Infinite Dimensional Spaces using Stuctured Modulations “ preprint:
arXiv:1305.2789 (May 2013).



Discussion

Thank you!




Main results Parameters

Choice of A,,— Zeros of sine-type functions

For X € PWT/Q

Theorem (Complete Interpolating Sequence)

{An}nez is a complete interpolating sequence
&= {eMt} , is a Riesz basis for £2(T)

One example: Zeros of sine-type functions of type >T/2

Definition (Sine-type functions)
An entire function of exponential type T/2 S(z) = P.V. [],cz(1 — £)

is called sine-type of type T/2 if it has simple and separated zeros A_, for
which there exist A, B, H s.t.

Aezlnl < 1S(E+in)| < Bezl"l | for n| > H .

B. Y. Levin, , Lectures on entire functions”, American Mathematical Society, Providence, RI, 1997.



