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Textbook wisdom on overfitting

n = 20 samples

polynomial fit
degree d = 20 

• flexible and can express function of interest (small bias)

• fits too much of the noise (overfit) → fluctuates a lot (high variance)

Large models fit perfectly (overfit):

true 𝑓⋆(𝑥)

predicted '𝑓(𝑥)

random 𝑥",
𝑦" noisy version 
of 𝑓⋆(𝑥")



Textbook wisdom: Avoid fitting noise 

Classical theory: Improve generalization by optimizing expressivity via bias-variance trade-off
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Textbook wisdom: Avoid fitting noise 

n = 20 samples

polynomial fit
degree d = 20
w/ regularization

Classical theory: Improve generalization by optimizing expressivity via bias-variance trade-off
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Textbook wisdom on overfitting

n = 20 samples

polynomial fit
degree d = 20 

What happens if we increase the polynomial degree even further without regularizing?

true 𝑓⋆(𝑥)

predicted '𝑓(𝑥)

random 𝑥",
𝑦" noisy version 
of 𝑓⋆(𝑥")
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Classification using neural networks and Adam on CIFAR-10 with 15% additional label noise
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Obs. I: Second descent beyond interpolation

[Nakkiran, Kaplun, Bansal, Yang, Barak, Sutskever ’20]

After interpolation threshold, we have a second “descent” (double descent) for interpolators1

interpolation threshold:
training 0-1 error ≈ 0
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Obs. II: Harmless interpolation for large models

For large models, interpolation is not worse than regularization (harmless interpolation)
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Obs. III: Good generalization for large models 

For large models, we achieve reasonably good test accuracy

[Nakkiran, Kaplun, Bansal, Yang, Barak, Sutskever ’20]
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Second “descent” as model size grows

grows beyond interpolation threshold
1

Harmless interpolation for large models, 

i.e. interpolation ∼ opt. regularization

2

variance decays

bias stays low

As overparameterization ↑:

Good test performance for large models,

close to best possible prediction error

3

Try to understand when the following happens: 

when is this
the case?
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Plan today…
Part I: For linear regression, we discuss how 
• variance can decay as overparameterization increases (simple math)

• Two factors can govern variance decay vs. bias increase

• For fixed interpolator, certain problem instances/distributions are more benign

• For fixed problem instance, certain interpolators generalize better 

Part II: For classification, we discuss the

• effect of loss function choices

• implicit bias of optimization algorithms for neural networks

• generalization of neural networks on noisy, high-dimensional data
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Goal is not to find better interpolators in practice 

but to understand when interpolation is benign
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Benefits of overparameterization and interpolation in linear models

We run gradient descent on                     at             for                                     
(where           are comprised of iid standard Gaussian entries)
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We run gradient descent on                     at             for                                     
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<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25

Benefits of overparameterization and interpolation in linear models

Second Descent 

after interpolation
1

We run gradient descent on                     at             for                                     
(where           are comprised of iid standard Gaussian entries)

<latexit sha1_base64="SR3rcuNX+KTe9mxR+n2G2eGRV/s=">AAACD3icbVDLSgMxFM34rPU16tJNsChuLDNF1GXBjcsK9iGdWjJppg3NZIbkjlCm/QM3/oobF4q4devOvzHTVtDWA4GTc+7l3nv8WHANjvNlLSwuLa+s5tby6xubW9v2zm5NR4mirEojEamGTzQTXLIqcBCsEStGQl+wut+/zPz6PVOaR/IGBjFrhaQrecApASO17SNv6IUEen6Q3o7wCf75NEbYgx4D4g3bpbtS2y44RWcMPE/cKSmgKSpt+9PrRDQJmQQqiNZN14mhlRIFnAo2ynuJZjGhfdJlTUMlCZlupeN7RvjQKB0cRMo8CXis/u5ISaj1IPRNZbaunvUy8T+vmUBw0Uq5jBNgkk4GBYnAEOEsHNzhilEQA0MIVdzsimmPKELBRJg3IbizJ8+TWqnonhXd69NC2ZnGkUP76AAdIxedozK6QhVURRQ9oCf0gl6tR+vZerPeJ6UL1rRnD/2B9fENWIWcKA==</latexit>

kY �X✓k22
<latexit sha1_base64="7waDR6b2FvQv8sNVj5+auObJJVA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKcyKqBch4MVjBPOA7BJmJ73JkNkHM71CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dQaqkQca+ndLa+sbmVnm7srO7t39QPTxqmyTTAloiUYnuBtyAkjG0UKKCbqqBR4GCTjC+m/mdJ9BGJvEjTlLwIz6MZSgFRyt5Ho4AeZ/RW8r61RqrsznoKnELUiMFmv3qlzdIRBZBjEJxY3ouS9HPuUYpFEwrXmYg5WLMh9CzNOYRGD+f3zylZ1YZ0DDRtmKkc/X3RM4jYyZRYDsjjiOz7M3E/7xehuGNn8s4zRBisVgUZopiQmcB0IHUIFBNLOFCS3srFSOuuUAbU8WG4C6/vEraF3X3qu4+XNYarIijTE7IKTknLrkmDXJPmqRFBEnJM3klb07mvDjvzseiteQUM8fkD5zPH2+VkJQ=</latexit>

✓0 = 0
<latexit sha1_base64="nTR6gHGXBTW0fGrqB8fFRA9JxAo=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuh4MZlBfuQJpbJdNIOnTyYuRFKyFe48VfcuFDErbjzb5y0VbR6YODMOfdy7z1eLLgCy/owCjOzc/MLxcXS0vLK6pq5vtFQUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xuc537zlknFo/AKhjFzA9ILuc8pAS11zAMnIND3/PQ6w2f469PKsAN9BuRmD+9/q82sY5atijUC/kvsCSmjCWod893pRjQJWAhUEKXathWDmxIJnAqWlZxEsZjQAemxtqYhCZhy09FZGd7RShf7kdQvBDxSf3akJFBqGHi6Mt9QTXu5+J/XTsA/dVMexgmwkI4H+YnAEOE8I9zlklEQQ00IlVzvimmfSEJBJ1nSIdjTJ/8ljcOKfVyxL4/KVWsSRxFtoW20i2x0gqroAtVQHVF0hx7QE3o27o1H48V4HZcWjEnPJvoF4+0TPpeevQ==</latexit>

Y = X✓⇤ +W
<latexit sha1_base64="ZtOhhXw2yTM1weIBy1g+frAF3vc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSiKjLghuXFewD2lAm00k7dDIJMxOhxCz8FTcuFHHrb7jzb5y0EbT1wMDhnHu5Z44fc6a043xZpaXlldW18nplY3Nre8fe3WupKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377nkrFInGnJzH1QjwULGAEayP17YNeiPXID9JOdop+eDvr21Wn5kyBFolbkCoUaPTtz94gIklIhSYcK9V1nVh7KZaaEU6zSi9RNMZkjIe0a6jAIVVeOs2foWOjDFAQSfOERlP190aKQ6UmoW8m84Rq3svF/7xuooMrL2UiTjQVZHYoSDjSEcrLQAMmKdF8YggmkpmsiIywxESbyiqmBHf+y4ukdVZzL2ru7Xm17hR1lOEQjuAEXLiEOtxAA5pA4AGe4AVerUfr2Xqz3mejJavY2Yc/sD6+AfQKlgI=</latexit>

X,W



interpolation threshold

At convergence 
Early stopped

M
SE

 ∥
̂

θ
−

θ*
∥2 2

<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25

Benefits of overparameterization and interpolation in linear models

Harmless interpolation 

for large " /#2

Second Descent 

after interpolation
1

We run gradient descent on                     at             for                                     
(where           are comprised of iid standard Gaussian entries)

<latexit sha1_base64="SR3rcuNX+KTe9mxR+n2G2eGRV/s=">AAACD3icbVDLSgMxFM34rPU16tJNsChuLDNF1GXBjcsK9iGdWjJppg3NZIbkjlCm/QM3/oobF4q4devOvzHTVtDWA4GTc+7l3nv8WHANjvNlLSwuLa+s5tby6xubW9v2zm5NR4mirEojEamGTzQTXLIqcBCsEStGQl+wut+/zPz6PVOaR/IGBjFrhaQrecApASO17SNv6IUEen6Q3o7wCf75NEbYgx4D4g3bpbtS2y44RWcMPE/cKSmgKSpt+9PrRDQJmQQqiNZN14mhlRIFnAo2ynuJZjGhfdJlTUMlCZlupeN7RvjQKB0cRMo8CXis/u5ISaj1IPRNZbaunvUy8T+vmUBw0Uq5jBNgkk4GBYnAEOEsHNzhilEQA0MIVdzsimmPKELBRJg3IbizJ8+TWqnonhXd69NC2ZnGkUP76AAdIxedozK6QhVURRQ9oCf0gl6tR+vZerPeJ6UL1rRnD/2B9fENWIWcKA==</latexit>

kY �X✓k22
<latexit sha1_base64="7waDR6b2FvQv8sNVj5+auObJJVA=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKcyKqBch4MVjBPOA7BJmJ73JkNkHM71CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dQaqkQca+ndLa+sbmVnm7srO7t39QPTxqmyTTAloiUYnuBtyAkjG0UKKCbqqBR4GCTjC+m/mdJ9BGJvEjTlLwIz6MZSgFRyt5Ho4AeZ/RW8r61RqrsznoKnELUiMFmv3qlzdIRBZBjEJxY3ouS9HPuUYpFEwrXmYg5WLMh9CzNOYRGD+f3zylZ1YZ0DDRtmKkc/X3RM4jYyZRYDsjjiOz7M3E/7xehuGNn8s4zRBisVgUZopiQmcB0IHUIFBNLOFCS3srFSOuuUAbU8WG4C6/vEraF3X3qu4+XNYarIijTE7IKTknLrkmDXJPmqRFBEnJM3klb07mvDjvzseiteQUM8fkD5zPH2+VkJQ=</latexit>

✓0 = 0
<latexit sha1_base64="nTR6gHGXBTW0fGrqB8fFRA9JxAo=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuh4MZlBfuQJpbJdNIOnTyYuRFKyFe48VfcuFDErbjzb5y0VbR6YODMOfdy7z1eLLgCy/owCjOzc/MLxcXS0vLK6pq5vtFQUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xuc537zlknFo/AKhjFzA9ILuc8pAS11zAMnIND3/PQ6w2f469PKsAN9BuRmD+9/q82sY5atijUC/kvsCSmjCWod893pRjQJWAhUEKXathWDmxIJnAqWlZxEsZjQAemxtqYhCZhy09FZGd7RShf7kdQvBDxSf3akJFBqGHi6Mt9QTXu5+J/XTsA/dVMexgmwkI4H+YnAEOE8I9zlklEQQ00IlVzvimmfSEJBJ1nSIdjTJ/8ljcOKfVyxL4/KVWsSRxFtoW20i2x0gqroAtVQHVF0hx7QE3o27o1H48V4HZcWjEnPJvoF4+0TPpeevQ==</latexit>

Y = X✓⇤ +W
<latexit sha1_base64="ZtOhhXw2yTM1weIBy1g+frAF3vc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuJCSiKjLghuXFewD2lAm00k7dDIJMxOhxCz8FTcuFHHrb7jzb5y0EbT1wMDhnHu5Z44fc6a043xZpaXlldW18nplY3Nre8fe3WupKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9f5377nkrFInGnJzH1QjwULGAEayP17YNeiPXID9JOdop+eDvr21Wn5kyBFolbkCoUaPTtz94gIklIhSYcK9V1nVh7KZaaEU6zSi9RNMZkjIe0a6jAIVVeOs2foWOjDFAQSfOERlP190aKQ6UmoW8m84Rq3svF/7xuooMrL2UiTjQVZHYoSDjSEcrLQAMmKdF8YggmkpmsiIywxESbyiqmBHf+y4ukdVZzL2ru7Xm17hR1lOEQjuAEXLiEOtxAA5pA4AGe4AVerUfr2Xqz3mejJavY2Yc/sD6+AfQKlgI=</latexit>

X,W



Formal setup: overparameterized linear regression



Formal setup: overparameterized linear regression

output
input features, 
dimension =   d

<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>

true parameter/signal (unknown)  

noise, 
variance =  �2

<latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit>

<latexit sha1_base64="uT1/8QRxwHg3sc1unXsRHlWeOik=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgiiURES9CEUvHivYD2nSstlu26WbTdidCCX04l/x4kERr/4Mb/4bt20O2vpg4PHeDDPzglhwDY7zbeUWFpeWV/KrhbX1jc0te3unpqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD0Y3Iz9+iNTmkfyHoYx80PSk7zLKQEjte29B3yFGy0Pohh70GdAWsf4BNfbdtEpORPgeeJmpIgyVNr2l9eJaBIyCVQQrZuuE4OfEgWcCjYqeIlmMaED0mNNQyUJmfbTyQMjfGiUDu5GypQEPFF/T6Qk1HoYBqYzJNDXs95Y/M9rJtC99FMu4wSYpNNF3URgiPA4DdzhilEQQ0MIVdzcimmfKELBZFYwIbizL8+T2mnJPS+5d2fF8nUWRx7towN0hFx0gcroFlVQFVE0Qs/oFb1ZT9aL9W59TFtzVjazi/7A+vwB58qUrg==</latexit>

Y = X>✓⇤ +W



Formal setup: overparameterized linear regression

output
input features, 
dimension =   d

<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>

true parameter/signal (unknown)  

noise, 
variance =  �2

<latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit>

<latexit sha1_base64="uT1/8QRxwHg3sc1unXsRHlWeOik=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgiiURES9CEUvHivYD2nSstlu26WbTdidCCX04l/x4kERr/4Mb/4bt20O2vpg4PHeDDPzglhwDY7zbeUWFpeWV/KrhbX1jc0te3unpqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD0Y3Iz9+iNTmkfyHoYx80PSk7zLKQEjte29B3yFGy0Pohh70GdAWsf4BNfbdtEpORPgeeJmpIgyVNr2l9eJaBIyCVQQrZuuE4OfEgWcCjYqeIlmMaED0mNNQyUJmfbTyQMjfGiUDu5GypQEPFF/T6Qk1HoYBqYzJNDXs95Y/M9rJtC99FMu4wSYpNNF3URgiPA4DdzhilEQQ0MIVdzcimmfKELBZFYwIbizL8+T2mnJPS+5d2fF8nUWRx7towN0hFx0gcroFlVQFVE0Qs/oFb1ZT9aL9W59TFtzVjazi/7A+vwB58qUrg==</latexit>

Y = X>✓⇤ +W

<latexit sha1_base64="hPw9uACGgW9jF6yf01Q63jQnqM4=">AAACGHicbVBNS8NAEN34WetX1KOXxSJ4kJqIqBehKILHirYNJLFstpt26SYbdjdCCf0ZXvwrXjwo4rU3/42bNofa+mDg8d4MM/OChFGpLOvHWFhcWl5ZLa2V1zc2t7bNnd2m5KnApIE548IJkCSMxqShqGLESQRBUcBIK+jf5H7rmQhJefyoBgnxI9SNaUgxUlpqmydehFQvCLLboev48Apax3Bacp48xZPc8B5oN0Jts2JVrTHgPLELUgEF6m1z5HU4TiMSK8yQlK5tJcrPkFAUMzIse6kkCcJ91CWupjGKiPSz8WNDeKiVDgy50BUrOFanJzIUSTmIAt2Z3yxnvVz8z3NTFV76GY2TVJEYTxaFKYOKwzwl2KGCYMUGmiAsqL4V4h4SCCudZVmHYM++PE+ap1X7vGrfn1Vq10UcJbAPDsARsMEFqIE7UAcNgMELeAMf4NN4Nd6NL+N70rpgFDN74A+M0S+U5J7d</latexit>

E[X] = 0,E[XX>] = ⌃
(data covariance)

e.g. “isotropic covariance” means
<latexit sha1_base64="XdMsIJoCBxpbZA8lbtX21gDL3Tg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YveKtoPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFpeWV1bXiemljc2t7p7y719RRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1nfuuJKs0i+WDGMfUFHkgWMoKNlR6792wgMLpEt71yxa26U6BF4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE00mpm2gaYzLCA9qxVGJBtZ9OL56gI6v0URgpW9Kgqfp7IsVC67EIbKfAZqjnvUz8z+skJrzwUybjxFBJZovChCMToex91GeKEsPHlmCimL0VkSFWmBgbUsmG4M2/vEiaJ1XvrOrdnVZqV3kcRTiAQzgGD86hBjdQhwYQkPAMr/DmaOfFeXc+Zq0FJ5/Zhz9wPn8AN3+P9w==</latexit>

⌃ = I



Formal setup: overparameterized linear regression

output
input features, 
dimension =   d

<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>

true parameter/signal (unknown)  

noise, 
variance =  �2

<latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit>

<latexit sha1_base64="uT1/8QRxwHg3sc1unXsRHlWeOik=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgiiURES9CEUvHivYD2nSstlu26WbTdidCCX04l/x4kERr/4Mb/4bt20O2vpg4PHeDDPzglhwDY7zbeUWFpeWV/KrhbX1jc0te3unpqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD0Y3Iz9+iNTmkfyHoYx80PSk7zLKQEjte29B3yFGy0Pohh70GdAWsf4BNfbdtEpORPgeeJmpIgyVNr2l9eJaBIyCVQQrZuuE4OfEgWcCjYqeIlmMaED0mNNQyUJmfbTyQMjfGiUDu5GypQEPFF/T6Qk1HoYBqYzJNDXs95Y/M9rJtC99FMu4wSYpNNF3URgiPA4DdzhilEQQ0MIVdzcimmfKELBZFYwIbizL8+T2mnJPS+5d2fF8nUWRx7towN0hFx0gcroFlVQFVE0Qs/oFb1ZT9aL9W59TFtzVjazi/7A+vwB58qUrg==</latexit>

Y = X>✓⇤ +W

<latexit sha1_base64="hPw9uACGgW9jF6yf01Q63jQnqM4=">AAACGHicbVBNS8NAEN34WetX1KOXxSJ4kJqIqBehKILHirYNJLFstpt26SYbdjdCCf0ZXvwrXjwo4rU3/42bNofa+mDg8d4MM/OChFGpLOvHWFhcWl5ZLa2V1zc2t7bNnd2m5KnApIE548IJkCSMxqShqGLESQRBUcBIK+jf5H7rmQhJefyoBgnxI9SNaUgxUlpqmydehFQvCLLboev48Apax3Bacp48xZPc8B5oN0Jts2JVrTHgPLELUgEF6m1z5HU4TiMSK8yQlK5tJcrPkFAUMzIse6kkCcJ91CWupjGKiPSz8WNDeKiVDgy50BUrOFanJzIUSTmIAt2Z3yxnvVz8z3NTFV76GY2TVJEYTxaFKYOKwzwl2KGCYMUGmiAsqL4V4h4SCCudZVmHYM++PE+ap1X7vGrfn1Vq10UcJbAPDsARsMEFqIE7UAcNgMELeAMf4NN4Nd6NL+N70rpgFDN74A+M0S+U5J7d</latexit>

E[X] = 0,E[XX>] = ⌃
(data covariance)

e.g. “isotropic covariance” means
<latexit sha1_base64="XdMsIJoCBxpbZA8lbtX21gDL3Tg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YveKtoPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFpeWV1bXiemljc2t7p7y719RRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1nfuuJKs0i+WDGMfUFHkgWMoKNlR6792wgMLpEt71yxa26U6BF4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE00mpm2gaYzLCA9qxVGJBtZ9OL56gI6v0URgpW9Kgqfp7IsVC67EIbKfAZqjnvUz8z+skJrzwUybjxFBJZovChCMToex91GeKEsPHlmCimL0VkSFWmBgbUsmG4M2/vEiaJ1XvrOrdnVZqV3kcRTiAQzgGD86hBjdQhwYQkPAMr/DmaOfFeXc+Zq0FJ5/Zhz9wPn8AN3+P9w==</latexit>

⌃ = I

(no. of features) (no. of samples)
<latexit sha1_base64="Dxs8KN07o3an/Uj6CJCvo/093gE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYGyhDWWz2bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkwKg6777ZRWVtfWN8qbla3tnd296v7Bo0lzzbjPUpnqdkgNl0JxHwVK3s40p0koeSsc3k791hPXRqTqAUcZDxLaVyIWjKKV/IhcE9Wr1ty6OwNZJl5BalCg2at+daOU5QlXyCQ1puO5GQZjqlEwySeVbm54RtmQ9nnHUkUTboLx7NgJObFKROJU21JIZurviTFNjBkloe1MKA7MojcV//M6OcZXwVioLEeu2HxRnEuCKZl+TiKhOUM5soQyLeythA2opgxtPhUbgrf48jJ5PKt7F3Xv/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBxdeOAg==</latexit>

d > n

(in
pu

t) 
sa

m
pl

es

(input) features

b↵ ⇡
<latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit>

2

66664
Y

3

77775

<latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit> (o
ut

pu
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<latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit>

has infinitely many 
interpolating solutions!

<latexit sha1_base64="Y1qivLcFRN33Pf32Q4N5F+QjEm4=">AAACEXicbVDJSgNBEO2JW4xb1KOXxiDkFGZE1IsQ8OIxglkkE0JPpyZp0rPQXaOEYX7Bi7/ixYMiXr1582/sLIImPih4vFdFVT0vlkKjbX9ZuaXlldW1/HphY3Nre6e4u9fQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3g59pt3oLSIwhscxdAJWD8UvuAMjdQtlt2A4cDz01ZG3XvRgwHD1MUBIMvoBf1xb7NusWRX7AnoInFmpERmqHWLn24v4kkAIXLJtG47doydlCkUXEJWcBMNMeND1oe2oSELQHfSyUcZPTJKj/qRMhUinai/J1IWaD0KPNM5vlDPe2PxP6+doH/eSUUYJwghny7yE0kxouN4aE8o4ChHhjCuhLmV8gFTjKMJsWBCcOZfXiSN44pzWnGuT0pVexZHnhyQQ1ImDjkjVXJFaqROOHkgT+SFvFqP1rP1Zr1PW3PWbGaf/IH18Q0FtJ21</latexit>

Xb✓ = Y

<latexit sha1_base64="LQVfV/rsjjVPKPn49SvDgXBz+rk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmUF+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGYdWeDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofazeeIZObPKkISxsk8aMld/b2Q00noaBXYyT6iXvVz8z+ulJrzxMy6T1KBki4/CVBATk/x8MuQKmRFTSyhT3GYlbEwVZcaWVLEleMsnr5L2Rd27qnv3l7WGV9RRhhM4hXPw4BoacAdNaAEDCc/wCm+Odl6cd+djMVpyip1j+APn8wfJdJDx</latexit>

X
<latexit sha1_base64="5fDAVvigy0s94lYsEPiOE/8mxq4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomIeix48VjBfkATymYzaZduPtidVEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OCTAqNjvNtra1vbG5tV3aqu3v7B4f20XFbp7ni0OKpTFU3YBqkSKCFAiV0MwUsDiR0gtHdzO+MQWmRJo84ycCP2SARkeAMjdS3be9JhDBkWHg4BGTTvl1z6s4cdJW4JamREs2+/eWFKc9jSJBLpnXPdTL0C6ZQcAnTqpdryBgfsQH0DE1YDNov5pdP6blRQhqlylSCdK7+nihYrPUkDkxnzHCol72Z+J/XyzG69QuRZDlCwheLolxSTOksBhoKBRzlxBDGlTC3Uj5kinE0YVVNCO7yy6ukfVl3r+vuw1Wt4ZZxVMgpOSMXxCU3pEHuSZO0CCdj8kxeyZtVWC/Wu/WxaF2zypkT8gfW5w8d5ZPs</latexit>

b✓



Formal setup: overparameterized linear regression

output
input features, 
dimension =   d

<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>

true parameter/signal (unknown)  

noise, 
variance =  �2

<latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit>

<latexit sha1_base64="uT1/8QRxwHg3sc1unXsRHlWeOik=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgiiURES9CEUvHivYD2nSstlu26WbTdidCCX04l/x4kERr/4Mb/4bt20O2vpg4PHeDDPzglhwDY7zbeUWFpeWV/KrhbX1jc0te3unpqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD0Y3Iz9+iNTmkfyHoYx80PSk7zLKQEjte29B3yFGy0Pohh70GdAWsf4BNfbdtEpORPgeeJmpIgyVNr2l9eJaBIyCVQQrZuuE4OfEgWcCjYqeIlmMaED0mNNQyUJmfbTyQMjfGiUDu5GypQEPFF/T6Qk1HoYBqYzJNDXs95Y/M9rJtC99FMu4wSYpNNF3URgiPA4DdzhilEQQ0MIVdzcimmfKELBZFYwIbizL8+T2mnJPS+5d2fF8nUWRx7towN0hFx0gcroFlVQFVE0Qs/oFb1ZT9aL9W59TFtzVjazi/7A+vwB58qUrg==</latexit>

Y = X>✓⇤ +W

Solutions of study today: 
The minimum-lp-norm interpolator

(beginning with p = 2)

<latexit sha1_base64="ZyWl45uXUEzsxVZccoanOtSwquw="></latexit>

b✓p = argmink✓kp subject to X✓ = Y.

<latexit sha1_base64="hPw9uACGgW9jF6yf01Q63jQnqM4=">AAACGHicbVBNS8NAEN34WetX1KOXxSJ4kJqIqBehKILHirYNJLFstpt26SYbdjdCCf0ZXvwrXjwo4rU3/42bNofa+mDg8d4MM/OChFGpLOvHWFhcWl5ZLa2V1zc2t7bNnd2m5KnApIE548IJkCSMxqShqGLESQRBUcBIK+jf5H7rmQhJefyoBgnxI9SNaUgxUlpqmydehFQvCLLboev48Apax3Bacp48xZPc8B5oN0Jts2JVrTHgPLELUgEF6m1z5HU4TiMSK8yQlK5tJcrPkFAUMzIse6kkCcJ91CWupjGKiPSz8WNDeKiVDgy50BUrOFanJzIUSTmIAt2Z3yxnvVz8z3NTFV76GY2TVJEYTxaFKYOKwzwl2KGCYMUGmiAsqL4V4h4SCCudZVmHYM++PE+ap1X7vGrfn1Vq10UcJbAPDsARsMEFqIE7UAcNgMELeAMf4NN4Nd6NL+N70rpgFDN74A+M0S+U5J7d</latexit>

E[X] = 0,E[XX>] = ⌃
(data covariance)

e.g. “isotropic covariance” means
<latexit sha1_base64="XdMsIJoCBxpbZA8lbtX21gDL3Tg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YveKtoPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFpeWV1bXiemljc2t7p7y719RRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1nfuuJKs0i+WDGMfUFHkgWMoKNlR6792wgMLpEt71yxa26U6BF4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE00mpm2gaYzLCA9qxVGJBtZ9OL56gI6v0URgpW9Kgqfp7IsVC67EIbKfAZqjnvUz8z+skJrzwUybjxFBJZovChCMToex91GeKEsPHlmCimL0VkSFWmBgbUsmG4M2/vEiaJ1XvrOrdnVZqV3kcRTiAQzgGD86hBjdQhwYQkPAMr/DmaOfFeXc+Zq0FJ5/Zhz9wPn8AN3+P9w==</latexit>

⌃ = I

(no. of features) (no. of samples)
<latexit sha1_base64="Dxs8KN07o3an/Uj6CJCvo/093gE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYGyhDWWz2bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkwKg6777ZRWVtfWN8qbla3tnd296v7Bo0lzzbjPUpnqdkgNl0JxHwVK3s40p0koeSsc3k791hPXRqTqAUcZDxLaVyIWjKKV/IhcE9Wr1ty6OwNZJl5BalCg2at+daOU5QlXyCQ1puO5GQZjqlEwySeVbm54RtmQ9nnHUkUTboLx7NgJObFKROJU21JIZurviTFNjBkloe1MKA7MojcV//M6OcZXwVioLEeu2HxRnEuCKZl+TiKhOUM5soQyLeythA2opgxtPhUbgrf48jJ5PKt7F3Xv/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBxdeOAg==</latexit>

d > n

(in
pu

t) 
sa

m
pl

es

(input) features

b↵ ⇡
<latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit>
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<latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit> (o
ut
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<latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit>

has infinitely many 
interpolating solutions!

<latexit sha1_base64="Y1qivLcFRN33Pf32Q4N5F+QjEm4=">AAACEXicbVDJSgNBEO2JW4xb1KOXxiDkFGZE1IsQ8OIxglkkE0JPpyZp0rPQXaOEYX7Bi7/ixYMiXr1582/sLIImPih4vFdFVT0vlkKjbX9ZuaXlldW1/HphY3Nre6e4u9fQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3g59pt3oLSIwhscxdAJWD8UvuAMjdQtlt2A4cDz01ZG3XvRgwHD1MUBIMvoBf1xb7NusWRX7AnoInFmpERmqHWLn24v4kkAIXLJtG47doydlCkUXEJWcBMNMeND1oe2oSELQHfSyUcZPTJKj/qRMhUinai/J1IWaD0KPNM5vlDPe2PxP6+doH/eSUUYJwghny7yE0kxouN4aE8o4ChHhjCuhLmV8gFTjKMJsWBCcOZfXiSN44pzWnGuT0pVexZHnhyQQ1ImDjkjVXJFaqROOHkgT+SFvFqP1rP1Zr1PW3PWbGaf/IH18Q0FtJ21</latexit>

Xb✓ = Y

<latexit sha1_base64="LQVfV/rsjjVPKPn49SvDgXBz+rk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmUF+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGYdWeDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofazeeIZObPKkISxsk8aMld/b2Q00noaBXYyT6iXvVz8z+ulJrzxMy6T1KBki4/CVBATk/x8MuQKmRFTSyhT3GYlbEwVZcaWVLEleMsnr5L2Rd27qnv3l7WGV9RRhhM4hXPw4BoacAdNaAEDCc/wCm+Odl6cd+djMVpyip1j+APn8wfJdJDx</latexit>

X
<latexit sha1_base64="5fDAVvigy0s94lYsEPiOE/8mxq4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomIeix48VjBfkATymYzaZduPtidVEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OCTAqNjvNtra1vbG5tV3aqu3v7B4f20XFbp7ni0OKpTFU3YBqkSKCFAiV0MwUsDiR0gtHdzO+MQWmRJo84ycCP2SARkeAMjdS3be9JhDBkWHg4BGTTvl1z6s4cdJW4JamREs2+/eWFKc9jSJBLpnXPdTL0C6ZQcAnTqpdryBgfsQH0DE1YDNov5pdP6blRQhqlylSCdK7+nihYrPUkDkxnzHCol72Z+J/XyzG69QuRZDlCwheLolxSTOksBhoKBRzlxBDGlTC3Uj5kinE0YVVNCO7yy6ukfVl3r+vuw1Wt4ZZxVMgpOSMXxCU3pEHuSZO0CCdj8kxeyZtVWC/Wu/WxaF2zypkT8gfW5w8d5ZPs</latexit>

b✓



Formal setup: overparameterized linear regression

output
input features, 
dimension =   d

<latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit><latexit sha1_base64="3oSk6DNuEkGOvzu//4N3O24b0zM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF48t2FZoQ9lsJu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dkobm1vbO+Xdyt7+weFR9fikq5NMMeywRCTqIaAaBZfYMdwIfEgV0jgQ2Asmt3O/94RK80Tem2mKfkxHkkecUWOldjis1ty6uwBZJ15BalCgNax+DcKEZTFKwwTVuu+5qfFzqgxnAmeVQaYxpWxCR9i3VNIYtZ8vDp2RC6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M9GNn3OZZgYlWy6KMkFMQuZfk5ArZEZMLaFMcXsrYWOqKDM2m4oNwVt9eZ10r+qeW/fajVqzUcRRhjM4h0vw4BqacAct6AADhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/Ds4za</latexit>

true parameter/signal (unknown)  

noise, 
variance =  �2

<latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit><latexit sha1_base64="gsYXYwmGdB/EKvpfNDSDXJFBkPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgB4DXjxGMA9I1jA7mU2GzGOdmRXCkp/w4kERr/6ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyM/c7T1QbpuS9nSY0FHgkWcwItk7q9g0bCfxQG5QrftVfAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXqoFfDe7qlUY9j6MIZ3AOlxDAFTTgFprQAgIcnuEV3rxH78V79z6WrQUvnzmFP/A+fwDBjo+5</latexit>

<latexit sha1_base64="uT1/8QRxwHg3sc1unXsRHlWeOik=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgiiURES9CEUvHivYD2nSstlu26WbTdidCCX04l/x4kERr/4Mb/4bt20O2vpg4PHeDDPzglhwDY7zbeUWFpeWV/KrhbX1jc0te3unpqNEUValkYhUIyCaCS5ZFTgI1ogVI2EgWD0Y3Iz9+iNTmkfyHoYx80PSk7zLKQEjte29B3yFGy0Pohh70GdAWsf4BNfbdtEpORPgeeJmpIgyVNr2l9eJaBIyCVQQrZuuE4OfEgWcCjYqeIlmMaED0mNNQyUJmfbTyQMjfGiUDu5GypQEPFF/T6Qk1HoYBqYzJNDXs95Y/M9rJtC99FMu4wSYpNNF3URgiPA4DdzhilEQQ0MIVdzcimmfKELBZFYwIbizL8+T2mnJPS+5d2fF8nUWRx7towN0hFx0gcroFlVQFVE0Qs/oFb1ZT9aL9W59TFtzVjazi/7A+vwB58qUrg==</latexit>

Y = X>✓⇤ +W

Solutions of study today: 
The minimum-lp-norm interpolator

(beginning with p = 2)

<latexit sha1_base64="ZyWl45uXUEzsxVZccoanOtSwquw="></latexit>

b✓p = argmink✓kp subject to X✓ = Y.

<latexit sha1_base64="hPw9uACGgW9jF6yf01Q63jQnqM4=">AAACGHicbVBNS8NAEN34WetX1KOXxSJ4kJqIqBehKILHirYNJLFstpt26SYbdjdCCf0ZXvwrXjwo4rU3/42bNofa+mDg8d4MM/OChFGpLOvHWFhcWl5ZLa2V1zc2t7bNnd2m5KnApIE548IJkCSMxqShqGLESQRBUcBIK+jf5H7rmQhJefyoBgnxI9SNaUgxUlpqmydehFQvCLLboev48Apax3Bacp48xZPc8B5oN0Jts2JVrTHgPLELUgEF6m1z5HU4TiMSK8yQlK5tJcrPkFAUMzIse6kkCcJ91CWupjGKiPSz8WNDeKiVDgy50BUrOFanJzIUSTmIAt2Z3yxnvVz8z3NTFV76GY2TVJEYTxaFKYOKwzwl2KGCYMUGmiAsqL4V4h4SCCudZVmHYM++PE+ap1X7vGrfn1Vq10UcJbAPDsARsMEFqIE7UAcNgMELeAMf4NN4Nd6NL+N70rpgFDN74A+M0S+U5J7d</latexit>

E[X] = 0,E[XX>] = ⌃
(data covariance)

e.g. “isotropic covariance” means
<latexit sha1_base64="XdMsIJoCBxpbZA8lbtX21gDL3Tg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YveKtoPbJeSTbNtaJJdkqxQlv4LLx4U8eq/8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFpeWV1bXiemljc2t7p7y719RRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGF1nfuuJKs0i+WDGMfUFHkgWMoKNlR6792wgMLpEt71yxa26U6BF4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE00mpm2gaYzLCA9qxVGJBtZ9OL56gI6v0URgpW9Kgqfp7IsVC67EIbKfAZqjnvUz8z+skJrzwUybjxFBJZovChCMToex91GeKEsPHlmCimL0VkSFWmBgbUsmG4M2/vEiaJ1XvrOrdnVZqV3kcRTiAQzgGD86hBjdQhwYQkPAMr/DmaOfFeXc+Zq0FJ5/Zhz9wPn8AN3+P9w==</latexit>

⌃ = I

(no. of features) (no. of samples)
<latexit sha1_base64="Dxs8KN07o3an/Uj6CJCvo/093gE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYGyhDWWz2bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkwKg6777ZRWVtfWN8qbla3tnd296v7Bo0lzzbjPUpnqdkgNl0JxHwVK3s40p0koeSsc3k791hPXRqTqAUcZDxLaVyIWjKKV/IhcE9Wr1ty6OwNZJl5BalCg2at+daOU5QlXyCQ1puO5GQZjqlEwySeVbm54RtmQ9nnHUkUTboLx7NgJObFKROJU21JIZurviTFNjBkloe1MKA7MojcV//M6OcZXwVioLEeu2HxRnEuCKZl+TiKhOUM5soQyLeythA2opgxtPhUbgrf48jJ5PKt7F3Xv/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBxdeOAg==</latexit>

d > n

(in
pu

t) 
sa

m
pl

es

(input) features

b↵ ⇡
<latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit><latexit sha1_base64="sPWLpQTVdoNGGLMWo5j5fwxGTDI=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEeyx4MVjBfsBTSiTzaZdukmW3Y1aQr34V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzLxAcKa043xbpZXVtfWN8mZla3tnd8/eP2irNJOEtkjKU9kNQFHOEtrSTHPaFZJCHHDaCUZXU79zR6ViaXKrx4L6MQwSFjEC2kh9+8i7ZyEdgs494GIIE+yBEDJ96NtVp+bMgJeJW5AqKtDs219emJIspokmHJTquY7Qfg5SM8LppOJligogIxjQnqEJxFT5+eyDCT41SoijVJpKNJ6pvydyiJUax4HpjEEP1aI3Ff/zepmO6n7OEpFpmpD5oijjWKd4GgcOmaRE87EhQCQzt2IyBAlEm9AqJgR38eVl0j6vuU7NvbmoNupFHGV0jE7QGXLRJWqga9RELUTQI3pGr+jNerJerHfrY95asoqZQ/QH1ucPGqSXQw==</latexit>

2

66664
Y

3

77775

<latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit><latexit sha1_base64="D1LEN+GRuo9MENxhVX6fcr77c5k=">AAACIHicbVBNSwMxEM36WetX1aOXYBE8lV0R2mPBi8cK9kPapSTpbBuazS5JVixLf4oX/4oXD4roTX+N2XYRbR0m8PLmDTPzaCy4Nq776aysrq1vbBa2its7u3v7pYPDlo4SxaDJIhGpDiUaBJfQNNwI6MQKSEgFtOn4Mqu370BpHskbM4nBD8lQ8oAzYizVL1V7FIZcpjQkRvH7abHXm6X9jmiQ3k5xTtgEOfjR9Utlt+LOAi8DLwdllEejX/roDSKWhCANE0TrrufGxk+JMpwJsHMTDTFhYzKEroWShKD9dHbgFJ9aZoCDSNknDZ6xvztSEmo9CalVZovrxVpG/lfrJiao+SmXcWJAsvmgIBHYRDhzCw+4AmbExALCFLe7YjYiijBjPS1aE7zFk5dB67ziuRXv+qJcr+V2FNAxOkFnyENVVEdXqIGaiKEH9IRe0Kvz6Dw7b877XLri5D1H6E84X9/As6Ks</latexit> (o
ut

pu
t) 
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<latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit><latexit sha1_base64="vfT8KvjG78+bonN7Z9X1WaF881c=">AAACaXicfZFNSwMxEIaz61ddq7aKInoJFsVT2RXBHitePFawH9AtJZvOtsFsdkmyYlkW/I3e/ANe/BOmH4htxQmBl2dmmMybIOFMadf9sOy19Y3NrcK2s1Pc3dsvlQ9aKk4lhSaNeSw7AVHAmYCmZppDJ5FAooBDO3i+n+TbLyAVi8WTHifQi8hQsJBRog3ql978AIZMZEFEtGSvuXOJF4/v/4d80zYKwuwun4HV6lXi+CAGPwP7pYpbdaeBV4U3FxU0j0a/9O4PYppGIDTlRKmu5ya6lxGpGeWQO36qICH0mQyha6QgEaheNnUqxxeGDHAYS3OFxlP6uyMjkVLjKDCVk83Ucm4C/8p1Ux3WehkTSapB0NmgMOVYx3hiOx4wCVTzsRGESmbeiumISEK1+RzHmOAtr7wqWtdVz616jzeVem1uRwGdoXN0hTx0i+roATVQE1H0aRWtI+vY+rLL9ol9Oiu1rXnPIVoIu/INM0GoBw==</latexit>

has infinitely many 
interpolating solutions!

<latexit sha1_base64="Y1qivLcFRN33Pf32Q4N5F+QjEm4=">AAACEXicbVDJSgNBEO2JW4xb1KOXxiDkFGZE1IsQ8OIxglkkE0JPpyZp0rPQXaOEYX7Bi7/ixYMiXr1582/sLIImPih4vFdFVT0vlkKjbX9ZuaXlldW1/HphY3Nre6e4u9fQUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3g59pt3oLSIwhscxdAJWD8UvuAMjdQtlt2A4cDz01ZG3XvRgwHD1MUBIMvoBf1xb7NusWRX7AnoInFmpERmqHWLn24v4kkAIXLJtG47doydlCkUXEJWcBMNMeND1oe2oSELQHfSyUcZPTJKj/qRMhUinai/J1IWaD0KPNM5vlDPe2PxP6+doH/eSUUYJwghny7yE0kxouN4aE8o4ChHhjCuhLmV8gFTjKMJsWBCcOZfXiSN44pzWnGuT0pVexZHnhyQQ1ImDjkjVXJFaqROOHkgT+SFvFqP1rP1Zr1PW3PWbGaf/IH18Q0FtJ21</latexit>

Xb✓ = Y

<latexit sha1_base64="LQVfV/rsjjVPKPn49SvDgXBz+rk=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxmUF+8A2lMn0ph06mYSZiVBC/8KNC0Xc+jfu/BsnbRbaemDgcM69zLknSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LBTBP0IzqSPOSMGis99iNqxkGYdWeDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofazeeIZObPKkISxsk8aMld/b2Q00noaBXYyT6iXvVz8z+ulJrzxMy6T1KBki4/CVBATk/x8MuQKmRFTSyhT3GYlbEwVZcaWVLEleMsnr5L2Rd27qnv3l7WGV9RRhhM4hXPw4BoacAdNaAEDCc/wCm+Odl6cd+djMVpyip1j+APn8wfJdJDx</latexit>

X
<latexit sha1_base64="5fDAVvigy0s94lYsEPiOE/8mxq4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KomIeix48VjBfkATymYzaZduPtidVEroP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OCTAqNjvNtra1vbG5tV3aqu3v7B4f20XFbp7ni0OKpTFU3YBqkSKCFAiV0MwUsDiR0gtHdzO+MQWmRJo84ycCP2SARkeAMjdS3be9JhDBkWHg4BGTTvl1z6s4cdJW4JamREs2+/eWFKc9jSJBLpnXPdTL0C6ZQcAnTqpdryBgfsQH0DE1YDNov5pdP6blRQhqlylSCdK7+nihYrPUkDkxnzHCol72Z+J/XyzG69QuRZDlCwheLolxSTOksBhoKBRzlxBDGlTC3Uj5kinE0YVVNCO7yy6ukfVl3r+vuw1Wt4ZZxVMgpOSMXxCU3pEHuSZO0CCdj8kxeyZtVWC/Wu/WxaF2zypkT8gfW5w8d5ZPs</latexit>

b✓

Error metric is mean-squared-error: ℰ$%& := ' [(X⊤( ̂θ − θ*))2]



Analysis framework

Non-asymptotic: we consider  (or ) and state results as: 

• Consistency: goal is to have  

• Rates: upper and lower bounds on  as a function of  that match up to 

universal constants (not depending on )

d = nβ, β > 1 d ≫ n

ℰ$%& → 0 as n → ∞

ℰ$%& n

n, d, θ*, Σ



Analysis framework

Non-asymptotic: we consider  (or ) and state results as: 

• Consistency: goal is to have  

• Rates: upper and lower bounds on  as a function of  that match up to 

universal constants (not depending on )

d = nβ, β > 1 d ≫ n

ℰ$%& → 0 as n → ∞

ℰ$%& n

n, d, θ*, Σ

An alternative asymptotic analysis framework (not the focus of this tutorial): 
Considers .  

Exact error expressions derived as a function of  as  together.

d ∝ n, d
n

= γ

γ n, d → ∞



Why these types of “low-norm” interpolators?

Gradient descent 
on squared loss

Minimum-l2-
norm interpolation

(Folklore, see e.g. 
Engl et al 1996)

Popular optimization algorithms converge to “low-norm” solutions!

<latexit sha1_base64="S92Qo7Vuti/AHzWffr67y2wcrHM="></latexit>

b✓2 = argmink✓k2
subject to

X>
i ✓ = Yi, i 2 [n].



Why these types of “low-norm” interpolators?

Mirror descent on squared loss, 
Potential = 

Minimum-lp-
norm interpolation

(Gunasekar et al, 
2018)

Popular optimization algorithms converge to “low-norm” solutions!

Coordinate descent/least-
angle regression

Minimum-l1-norm 
interpolation

(Efron et al, 2004)

<latexit sha1_base64="EG1iFyqLK1j6AWtvLf8CO31xanw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0sxt2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLR3czvPDFtuJKPME5ZkJCB5DGnBKzU8yc+jRT4k37ar9bcujsHXiVeQWqoQLNf/fIjRbOESaCCGNPz3BSCnGjgVLBpxc8MSwkdkQHrWSpJwkyQz0+e4jOrRDhW2pYEPFd/T+QkMWachLYzITA0y95M/M/rZRDfBDmXaQZM0sWiOBMYFJ79jyOuGQUxtoRQze2tmA6JJhRsShUbgrf88ippX9S9q7r3cFlr3BZxlNEJOkXnyEPXqIHuURO1EEUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwCT5pFz</latexit>

k · kp

<latexit sha1_base64="8+QUVcnjIX1jRpnFblKkglTKjVw="></latexit>

b✓p = argmink✓kp
subject to

X>
i ✓ = Yi, i 2 [n].

<latexit sha1_base64="4x1552YKI7V9ScRrI7ZRSsntkPs="></latexit>

b✓1 = argmink✓k1
subject to

X>
i ✓ = Yi, i 2 [n].



Why these types of “low-norm” interpolators?

Mirror descent on squared loss, 
Potential = 

Minimum-lp-
norm interpolation

(Gunasekar et al, 
2018)

Popular optimization algorithms converge to “low-norm” solutions!

Coordinate descent/least-
angle regression

Minimum-l1-norm 
interpolation

Implicit bias theory is a useful “sanity check” but not the full picture: do these solutions always generalize well?

<latexit sha1_base64="EG1iFyqLK1j6AWtvLf8CO31xanw=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUDabTbt0sxt2J0JJ+zO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUNirTlLWoEkp3Q2KY4JK1gINg3VQzkoSCdcLR3czvPDFtuJKPME5ZkJCB5DGnBKzU8yc+jRT4k37ar9bcujsHXiVeQWqoQLNf/fIjRbOESaCCGNPz3BSCnGjgVLBpxc8MSwkdkQHrWSpJwkyQz0+e4jOrRDhW2pYEPFd/T+QkMWachLYzITA0y95M/M/rZRDfBDmXaQZM0sWiOBMYFJ79jyOuGQUxtoRQze2tmA6JJhRsShUbgrf88ippX9S9q7r3cFlr3BZxlNEJOkXnyEPXqIHuURO1EEUKPaNX9OaA8+K8Ox+L1pJTzByjP3A+fwCT5pFz</latexit>

k · kp

<latexit sha1_base64="8+QUVcnjIX1jRpnFblKkglTKjVw="></latexit>

b✓p = argmink✓kp
subject to

X>
i ✓ = Yi, i 2 [n].

<latexit sha1_base64="4x1552YKI7V9ScRrI7ZRSsntkPs="></latexit>

b✓1 = argmink✓k1
subject to

X>
i ✓ = Yi, i 2 [n].

(Efron et al, 2004)



Recall: what was observed for min-l2-norm interpolator

M
SE

 ∥
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θ
−

θ*
∥2 2

Harmless interpolation 

for large " /#

Second Descent 

after interpolation
1

2

interpolation threshold

At convergence 
Early stopped

<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25



Recall: what was observed for min-l2-norm interpolator

Harmless interpolation 

for large " /#

Second Descent 

after interpolation
1

2

interpolation threshold

At convergence 
Early stopped

(1) and (2) are implied by variance reduction with increased overparameterization!

Theorem (isotropic covariance)*: 
<latexit sha1_base64="QKMHLwzfrIaPE3XZtqae4ttd89w=">AAACGnicbVBNixNBEO1ZdTdGdx316KUxLHgKM2FZ9xj0sscI5gMy2VDTqUmadPcM3TXLhmF+hxf/ipc9KOJNvPhv7HwcNPFBweO9KqrqpYWSjqLod3D04OGj45PG4+aTp6dnz8LnLwYuL63AvshVbkcpOFTSYJ8kKRwVFkGnCofp8v3aH96idTI3H2lV4ETD3MhMCiAvTcM4IbyjagBWghHICa2ueQJupQueZBZElTg513DT4aauZnV7GraidrQBPyTxjrTYDr1p+DOZ5aLUaEgocG4cRwVNKrAkhcK6mZQOCxBLmOPYUwMa3aTavFbzc6/MeJZbX4b4Rv17ogLt/K2p79RAC7fvrcX/eeOSsqtJJU1REhqxXZSVilPO1znxmbQoSK08AWGlv5WLBfg8fEKu6UOI918+JINOO75sxx8uWt13uzga7BV7zd6wmL1lXXbNeqzPBPvEvrCv7FvwObgPvgc/tq1HwW7mJfsHwa8/FXqhgA==</latexit>

Variance term ⇣ �2n

d
.

*included in results of Hastie et al (2022), Bartlett et al (2020), Muthukumar et al (2020)

<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25
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Plan today…
Part I: For linear regression, we discuss how  
• variance can decay as overparameterization increases (simple math) 

• Two factors can govern variance decay vs. bias increase 

• For fixed interpolator, certain problem instances/distributions are more benign 

• For fixed problem instance, certain interpolators generalize better  

Part II: For classification, we discuss the 

• effect of loss function choices 

• implicit bias of optimization algorithms for neural networks 

• generalization of neural networks on noisy, high-dimensional data



Variance reduction: main proof ideas

• Step 1: minimum-l2-norm interpolator can be expressed in closed form
<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W



Variance reduction: main proof ideas

• Step 1: minimum-l2-norm interpolator can be expressed in closed form

Ideally: have this be 
close to  (error = bias)θ*

<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W



Variance reduction: main proof ideas

• Step 1: minimum-l2-norm interpolator can be expressed in closed form

Ideally: have this be 
close to  (error = bias)θ*

Ideally: have this be 
close to 0 (error = variance)

<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W



Variance reduction: main proof ideas

• Step 1: minimum-l2-norm interpolator can be expressed in closed form 

• Step 2: variance term can also be expressed in closed form

Note: this calculation is simplified for isotropic data covariance, but works more generally (Bartlett et al, 2020)

Ideally: have this be 
close to  (error = bias)θ*

Ideally: have this be 
close to 0 (error = variance)

<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W

<latexit sha1_base64="YmQyfW3UDHwHE9XzhfEEK2jFZUY="></latexit>

Variance = kX>(XX>)�1Wk22 = W>(XX>)�1XX>(XX>)�1W



Variance reduction: main proof ideas

• Step 1: minimum-l2-norm interpolator can be expressed in closed form 

• Step 2: variance term can also be expressed in closed form

Note: this calculation is simplified for isotropic data covariance, but works more generally (Bartlett et al, 2020)

Ideally: have this be 
close to  (error = bias)θ*

Ideally: have this be 
close to 0 (error = variance)

<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W

<latexit sha1_base64="YmQyfW3UDHwHE9XzhfEEK2jFZUY="></latexit>

Variance = kX>(XX>)�1Wk22 = W>(XX>)�1XX>(XX>)�1W
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hXi, Xji ⇡ 0 for i 6= j and kXik22 ⇡ d
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“noise energy”

<latexit sha1_base64="9RKPlUeiATCqgSQkzeDeJbREjag=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJqUoqBIwVLIxFog+pCZXjOK1Vx45sB1FFWVj4FRYGEGLlH9j4G9w2A7Qc6UpH59yre+8JEkaVdpxvq7S0vLK6Vl6vbGxube/Yu3ttJVKJSQsLJmQ3QIowyklLU81IN5EExQEjnWB0NfE790QqKvitHifEj9GA04hipI3Utw89lCRSPEAvkghnHHqKDmJ0V8+zMO/bVafmTAEXiVuQKijQ7NtfXihwGhOuMUNK9Vwn0X6GpKaYkbzipYokCI/QgPQM5Sgmys+mX+Tw2CghjIQ0xTWcqr8nMhQrNY4D0xkjPVTz3kT8z+ulOrrwM8qTVBOOZ4uilEEt4CQSGFJJsGZjQxCW1NwK8RCZOLQJrmJCcOdfXiTtes09q7k3p9XGZRFHGRyAI3ACXHAOGuAaNEELYPAInsEreLOerBfr3fqYtZasYmYf/IH1+QO1Opi2</latexit>

⇡ n�2

d

<latexit sha1_base64="ESvLVM6LacmvX4kbwmWRqwN8Lw0=">AAACIXicbVDLSgMxFM3UV62vUZdugkVwVWZEapcFN7qrYB/QqSWTZtrQZBKSjFiG/oobf8WNC0W6E3/GTFukth64cDjnXu69J5SMauN5X05ubX1jcyu/XdjZ3ds/cA+PGlokCpM6FkyoVog0YTQmdUMNIy2pCOIhI81weJ35zUeiNBXxvRlJ0uGoH9OIYmSs1HUrAeV2D9Ew4MgMwihtjRfoQ2CEhAGSUokn2Pt1bsddt+iVvCngKvHnpAjmqHXdSdATOOEkNpghrdu+J00nRcpQzMi4ECSaSISHqE/alsaIE91Jpx+O4ZlVejASylZs4FRdnEgR13rEQ9uZXaiXvUz8z2snJqp0UhrLxJAYzxZFCYNGwCwu2KOKYMNGliCsqL0V4gFSCBsbasGG4C+/vEoaFyW/XPLvLovV8jyOPDgBp+Ac+OAKVMENqIE6wOAZvIJ38OG8OG/OpzOZteac+cwx+APn+wfEAKR2</latexit>

=) XX> ⇡ dI
<latexit sha1_base64="GYsSn3iIKq5fY42DsgSQhm1TYoE="></latexit>

=) Variance = W>(XX>)�1W ⇡ kWk22
d

Intuition: noise energy is “spread out” along d feature dimensions, contributes more harmlessly as d increases

Note: can show corresponding precise results when ,   (Hastie et al, 2022)d ∝ n d, n → ∞



So is min-l2-norm interpolation always a good idea?
Interpolator                                                                   vs.  

regularized estimator: 
M

SE
 ∥

̂
θ

−
θ*

∥2 2

Bayes error

<latexit sha1_base64="9ND3htJn1xUFNwqg9N/9LdD6Xa8="></latexit>

b✓2 = argmink✓k2 subject to X✓ = Y
<latexit sha1_base64="i4eS1Rsxhm4sGlIo81nXknDaYao="></latexit>

argminkX✓ �Yk22 + �k✓k22
<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25
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 second descent     harmless interpolation  good generalization 1 2 3
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Core issue: bias increases with d, eventually dominates



Issues with isotropy and min-l2 inductive bias

Recall: minimum-l2-norm interpolator can be expressed in closed form

Ideally: have this be 
close to  (error = bias)θ*

<latexit sha1_base64="sDdgJ7wOIfdpMN9B4duwsPDComM="></latexit>

b✓2 = X>(XX>)�1Y = X>(XX>)�1X✓⇤ +X>(XX>)�1W



Issues with isotropy and min-l2 inductive bias

Recall: minimum-l2-norm interpolator can be expressed in closed form
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Issues with isotropy and min-l2 inductive bias

Recall: minimum-l2-norm interpolator can be expressed in closed form

Theorem*: 

*included in results of Hastie et al (2022), Bartlett et al (2020)

Ideally: have this be 
close to  (error = bias)θ*
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Issues with isotropy and min-l2 inductive bias

Recall: minimum-l2-norm interpolator can be expressed in closed form

Theorem*: 

*included in results of Hastie et al (2022), Bartlett et al (2020)

Intuition: under isotropy, true parameter energy also spread out across d features!

Ideally: have this be 
close to  (error = bias)θ*
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Isotropy and min-l2-norm bias visualized at feature-by-feature level

Theorem: 

Intuition: under isotropy, true parameter energy also spread out across d features
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This signal attenuation observed in classical statistical signal processing (e.g. Chen, Donoho, Saunders 2001)
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Theorem: 

Intuition: under isotropy, true parameter energy also spread out across d features
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e Signal attenuation

true signal

(k = 500, n = 5000, d = 30000)

Feature index j
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Core issue for bias: | ̂θ j | ≪ |θ*j |  for all j ∈ [k]!

This signal attenuation observed in classical statistical signal processing (e.g. Chen, Donoho, Saunders 2001)



Plan today…
Part I: For linear regression, we discuss how  
• variance can decay as overparameterization increases (simple math) 

• Two factors can govern variance decay vs. bias increase 

• For fixed interpolator, certain problem instances/distributions are more benign 

• For fixed problem instance, certain interpolators generalize better  

Part II: For classification, we discuss the 

• effect of loss function choices 

• implicit bias of optimization algorithms for neural networks 

• generalization of neural networks on noisy, high-dimensional data



Anisotropy to the rescue: “upweighting” features aligned with signal
• A special case                                                   (spiked-covariance)

<latexit sha1_base64="t8BTBhAN96XiaGltS4VLpOYZtrA="></latexit>
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Anisotropy to the rescue: “upweighting” features aligned with signal
• A special case                                                   (spiked-covariance)

Effective “upweighting” on top k features 
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Anisotropy to the rescue: “upweighting” features aligned with signal
• A special case                                                   (spiked-covariance)

Signal 
preservation

Low contamination

(k = 500, n = 5000, d = 30000, R = 100)
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b ✓ 2
,j

Effective “upweighting” on top k features 
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Anisotropy to the rescue: “upweighting” features aligned with signal
• A special case                                                   (spiked-covariance)
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Low contamination
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Low bias iff ̂θ j ≈ θ*j  for all j ∈ [k]

Intuition: under near-orthogonality,  - attenuation mitigated for larger R as ̂θ j ∝
n

∑
i=1

yixi, j xi, j ∼ 2(0,R) for j ∈ [k]



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>
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<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)
<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)
<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>

R � 1



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)
<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>

R � 1

Additionally assume 
θ*j = 0 for all j = k + 1,…, d



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)
<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n
Will always achieve 

:  
Noise hidden along (d-k) directions!

Variance → 0 as n, d → ∞

Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>

R � 1

Additionally assume 
θ*j = 0 for all j = k + 1,…, d



A sensible model for l2: the spiked-covariance ensemble
Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)
<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n
Will always achieve 

:  
Noise hidden along (d-k) directions!

Variance → 0 as n, d → ∞
Also achieves 

provided that 

Bias → 0 as n, d → ∞
R ≫ d

n
Conditions for general anisotropic covariances in terms of “effective ranks” by Bartlett et al (2020)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>

R � 1

Additionally assume 
θ*j = 0 for all j = k + 1,…, d



Summary: Uniform benefits of overparameterization with spiked covariance
<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25

Isotropic covariance



Summary: Uniform benefits of overparameterization with spiked covariance
<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>
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Summary: Uniform benefits of overparameterization with spiked covariance
<latexit sha1_base64="PVrGu0ZTAw3feMjn40cDptDas1Y=">AAACF3icbZBNSysxFIYzflu/qi7dBIsgIkOmqPduBOFuXCpYFdpazqSnbTCTGZIzQhn6L9z4V9y4uCJudee/Ma1d+PVC4M1zziE5b5xp5UiIt2Bicmp6ZnZuvrSwuLS8Ul5dO3dpbiXWZKpTexmDQ60M1kiRxsvMIiSxxov4+t+wfnGD1qnUnFE/w2YCXaM6SgJ51CqHhh/yfSF2eYN6SHC14++NHlCBg1bkqVPdBK6qnoqwut8qV0QoRuI/TTQ2FTbWSav82minMk/QkNTgXD0SGTULsKSkxkGpkTvMQF5DF+veGkjQNYvRXgO+5Umbd1LrjyE+op8nCkic6yex70yAeu57bQh/q9Vz6vxtFspkOaGRHw91cs0p5cOQeFtZlKT73oC0yv+Vyx5YkOSjLPkQou8r/zTn1TA6CKPTvcqRGMcxxzbYJttmEfvDjtgxO2E1Jtktu2f/2WNwFzwET8HzR+tEMJ5ZZ18UvLwDjbybvw==</latexit>

n = 500, ✓⇤ = ê1,�
2 = 0.25

Isotropic covariance Spiked covariance, R = 10

 second descent     harmless interpolation  good generalization 1 2 3For spiked covariance:
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For fixed interpolator…

overparameterization

test error

overparameterization

variancebias

variance

biastest error

For a fixed distribution (e.g. isotropic),

different algorithms → different interpolators

how do bias and variance behave?

varying distribution:

covariance “spikiness”



Plan today…
Part I: For linear regression, we discuss how 
• variance can decay as overparameterization increases (simple math)

• Two factors can govern variance decay vs. bias increase

• For fixed interpolator, certain problem instances/distributions are more benign

• For fixed problem instance, certain interpolators generalize better 

Part II: For classification, we discuss the

• effect of loss function choices

• implicit bias of optimization algorithms for neural networks

• generalization of neural networks on noisy, high-dimensional data
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Implicit bias → inductive bias

opt. algorithm
minimizing loss

certain interpolator

has 
implicit bias 

towards

has certain strength of
inductive bias 

towards certain structure

e.g. for 𝑝 ∈ [1,2]
 8𝑤$ = argmin% 𝑤

$
𝑠. 𝑡. 𝑦 = 𝑋𝑤

e.g. 1st order method 
on 𝑦 − 𝑋𝑤 #

#
e.g. sparsity,
invariances

Next: Recall how as 𝑝 → 1 has an inductive bias towards sparse solutions



Recall: Inductive bias for sparse linear models
Fixed distribution: 𝑦" = ⟨𝑤⋆, 𝑥"⟩ + 𝜉" with sparse 𝑤⋆, i.e. 𝑤

&
= 𝑘 ≪ 𝑑, i.i.d. noise 𝜉" and 𝑥" ∼ 𝑁(0, 𝐼)

• small 𝑤 '-norm encourages sparsity → aligns with 𝑤⋆ structure (strong inductive bias)
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Recall: small ℓ!-norm → small statistical bias
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Inductive bias for noisy sparse linear models
Fixed distribution: 𝑦" = ⟨𝑤⋆, 𝑥"⟩ + 𝜉" with sparse 𝑤⋆, i.e. 𝑤
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= 𝑘 ≪ 𝑑, i.i.d. noise 𝜉" and 𝑥" ∼ 𝑁(0, 𝐼)

• small 𝑤 '-norm encourages sparsity → aligns with 𝑤⋆ structure (strong inductive bias)

• small 𝑤
#
-norm  → does not restrict search space in right way! (weak inductive bias) 

subspace of all
linear interpolators

{𝑤: 𝑋𝑤 = 𝑦 = 𝑋𝑤⋆ + 𝜉}
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Varying inductive bias via 𝑝 ∈ [1,2]

• Consider overparameterized regime 𝑑 ≫ 𝑛, think of 𝑑 ∝ 𝑛0 with 𝛽 > 1 (high-dimensional)

• Compare estimators using tight, high-probability, non-asymptotic statistical rates of prediction error

𝔼1∼3(&,6) 𝑥88𝑤$ − 𝑥8𝑤⋆ #
= 8𝑤$ − 𝑤⋆

#
= Θ(ℎ(𝑛, 𝑑)) as 𝑛 → ∞ for some function ℎ ↓ 

Fixed distribution: 𝑦" = ⟨𝑤⋆, 𝑥"⟩ + 𝜉" with sparse 𝑤⋆, i.e. 𝑤
&
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Strong inductive bias: 𝑝 = 1
• Tight bounds for adversarial noise vectors 𝜉 but 𝑂(𝜎#) for 𝜉" i.i.d. with variance 𝜎# 

[Chinot, Loeffler, vandeGeer ’20], [Wojtaszczyk ’10]

• Lower bound for i.i.d. noise for sub-Gaussians Ω 9!

:;< "
#

  [Muthukumar, Vodrahalli, Subramanian, and Sahai ’20]

• Tight bounds for i.i.d. noise for Gaussian covariates  9!

:;< .//
+ 𝑂 9!

:;<$/! .//
 [Wang, Donhauser, Yang ’22]

for 𝑑 ≍ 𝑛0 with 𝛽 > 1 we obtain the rate Θ '
0>' :;< /

 

Inconsistent

but harmless 
interpolation

p=1
rate Θ !

"#$ % = $Θ(1)
p=2
rate Θ(1)
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The problem of 𝑝 = 1 lies in the variance…
For 𝑝 = 1 and 𝑘 = 1, “sensitivity to noise” and variance larger than for 𝑝 = 2
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For 𝑝 = 1 and 𝑘 = 1, “sensitivity to noise” and variance larger than for 𝑝 = 2

for 𝑑 = 5000, 𝑛 = 100

MSE
MSE

as overparameterization increases, variance decay is slower for 𝑝 = 1 than for 𝑝 = 2!
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A bias-variance trade-off for 𝑝 ∈ [1,2]
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test error
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A bias-variance trade-off for 𝑝 ∈ [1,2]

Trade-off between bias and variance for interpolators via strength of inductive bias!
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A bias-variance trade-off for 𝑝 ∈ [1,2]

Which rates?

Trade-off between bias and variance for interpolators via strength of inductive bias!
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Tight bounds for 𝑝 ∈ [1, 2]

• minimax optimal rate, e.g. for (best)

regularized estimator with 𝑝 = 1 (LASSO) 

8𝑤( − 𝑤⋆ #
= eΘ 𝑛>' → 𝛼 = −1

• Interpolators with 𝑝 = 1, 2:

8𝑤$ − 𝑤⋆
#
= eΘ 1 → 𝛼 = 0

• Interpolators for 𝑝 ∈ (1,2): 

       8𝑤$ − 𝑤⋆
#
= eΘ 𝑛? with 𝛼 < 0

For 𝑝 ∈ [1,2): [Wang, Donhauser, Yang ‘22], [Donhauser, Ruggeri, Stojanovic, Yang ’22]
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For 𝑝 ∈ [1,2): [Wang, Donhauser, Yang ‘22], [Donhauser, Ruggeri, Stojanovic, Yang ’22]
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degree of overparameterization 𝛽: 𝑑 ≍ 𝑛0

“second” descent:
decrease due to 
variance decay

eventual increase 
due to bias increase 

We plot 𝛼 where  8𝑤$ − 𝑤⋆
#
= eΘ 𝑛? w.h.p. 

good generalization &
≈ harmless interpolation



A new bias-variance trade-off for interpolators

Min-ℓ$-norm interpolation 8𝑤$ = argmin% 𝑤
$
𝑠. 𝑡. 𝑦 = 𝑋𝑤

p=1
rate Θ !

"#$ %

p=2
rate Θ(1)strong inductive bias

towards sparsity
no inductive bias
towards sparsity

variance

statistical bias

test error

1<p<2
rate Θ 𝑛&
−1 < 𝛼 < 0

good generalization

Take-away: medium strength of inductive bias is best when interpolating noise
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How transferable is this “new” intuition? 

• Proof technique using Convex Gaussian Minmax Theorem [Thrampoulidis, Oymak, Hassibi ’15]

with localized convergence [Koehler, Zhou, Sutherland, Srebro ’21] carries over to lin. classification

[Stojanovic, Donhauser, Yang ‘22], [Donhauser, Ruggeri, Stojanovic, Yang ‘22] 

Real-world experiment:
Leukemia dataset with 𝑑 ∼ 7000, 𝑛 ∼ 70

Synthetic experiment:
Isotropic Gaussians with 𝑑 ∼ 5000, 𝑛 ∼ 100
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with localized convergence [Koehler, Zhou, Sutherland, Srebro ’21] carries over to lin. classification
[Donhauser, Ruggeri, Stojanovic, Yang ‘22] 

• Intuition carries over to high-dimensional kernel learning with convolutional kernels 
where bias and variance vary with inductive bias [Aerni, Milanta, Donhauser, Yang ‘23]

• Preliminary experiments for neural networks also suggest this behavior 

for rotational invariance and filter size…

open: theory is still incomplete and restricted to Gaussians!
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Nonlinear structure: Rotational invariance for WideResNet

• Satellite images (EuroSAT) to be 
classified in terms of type of land usage

• strength of rotational invariance via 
“amount of” data augmentation

[Aerni, Milanta, Donhauser, Yang ‘23]
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Nonlinear structure: Rotational invariance for WideResNet

• Satellite images (EuroSAT) to be 
classified in terms of type of land usage

• strength of rotational invariance via 
“amount of” data augmentation

interpolating:
opt. early-stopped:

0% noise
0% noise

20% noise
20% noise

1412

# rotations

0%

3%

8%

12%

17%
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[Aerni, Milanta, Donhauser, Yang ‘23]

interpolator optimally 
regularized

# augmented rotations
strong 
ind. bias

weak
ind. bias

Confirmed: medium strength of inductive bias is best when interpolating noise



Open: How transferable is this “new” intuition? 

• Proof technique using Convex Gaussian Minmax Theorem [Thrampoulidis, Oymak, Hassibi ’15]

with localized convergence* [Koehler, Zhou, Sutherland, Srebro ’21] carries over to classification
[Donhauser, Ruggeri, Stojanovic, Yang ‘22] 

• Intuition carries over to high-dimensional kernel learning with convolutional kernels 
where bias and variance vary with inductive bias [Aerni, Milanta, Donhauser, Yang ‘23]

• Preliminary experiments for neural networks also suggest this behavior 

for rotational invariance and filter size

open: theory is still incomplete and restricted to Gaussians!

open: comprehensive experimental NN study!



Plan today…
Part I: For linear regression, we discuss how 
• variance can decay as overparameterization increases (simple math)

• Two factors can govern variance decay vs. bias increase

• For fixed interpolator, certain problem instances/distributions are more benign

• For fixed problem instance, certain interpolators generalize better 

Part II: For classification, we discuss the

• effect of loss function choices

• implicit bias of optimization algorithms for neural networks

• generalization of neural networks on noisy, high-dimensional data
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Classification-vs-regression: A tale of two loss functions

0-1 loss Squared loss

Logistic loss Classification,  
most popular

Squared loss Classification,  
less popular

Regression



Differences in training loss functions

• Closed-form 
• Linked to MLE under additive noise

Squared loss

Minimum-l2-
norm interpolation

Gradient descent 
(Folklore, see e.g. 
Engl et al 1996)
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Differences in training loss functions

• Not closed-form 
• Linked to MLE under logistic noise

• Closed-form 
• Linked to MLE under additive noise

Squared loss

Minimum-l2-
norm interpolation
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Differences in test loss functions

Regression: Test MSE Classification: Test 0-1 error
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Differences in test loss functions

Regression: Test MSE Classification: Test 0-1 error

Two core challenges when analyzing classification: 
1. Hard-margin SVM does not have a closed-form solution, unlike minimum-l2-

norm interpolation 
2. 0-1 error metric challenging to sharply analyze as compared to MSE
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Plan today…
Part I: For linear regression, we discuss how  
• variance can decay as overparameterization increases (simple math) 

• Two factors can govern variance decay vs. bias increase 

• For fixed interpolator, certain problem instances/distributions are more benign 

• For fixed problem instance, certain interpolators generalize better  

Part II: For classification, we discuss the 

• effect of loss function choices 

• implicit bias of optimization algorithms for neural networks 

• generalization of neural networks on noisy, high-dimensional data
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n = 32, 
d = 1000

Fourier features 
on 1-dimensional data, 

isotropic covariance

Result (Hsu, Muthukumar and Xu 2021): hard margin SVM = minimum-l2-norm interpolation on 
binary labels in spiked covariance ensemble if
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One analysis path for l2, step 1: showing that SVM = interpolation

n = 32, 
d = 1000

Fourier features 
on 1-dimensional data, 

isotropic covariance

Implication: SVM has a closed-form expression, can be more easily analyzed!

Result (Hsu, Muthukumar and Xu 2021): hard margin SVM = minimum-l2-norm interpolation on 
binary labels in spiked covariance ensemble if
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One analysis path for l2, step 2: analyzing 0-1 error of interpolator

[Muthukumar, Narang, Subramaniam, Belkin, Hsu, Sahai JMLR’21]
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n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>
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Ratio R
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One analysis path for l2, step 2: analyzing 0-1 error of interpolator

[Muthukumar, Narang, Subramaniam, Belkin, Hsu, Sahai JMLR’21]

<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Spiked covariance: (n, d, k, R)

Fe
at

ur
e 

m
ag

ni
tu

de

Feature index (j)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>
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Ratio R

Li
m

iti
ng

 te
st

 e
rr

or
, n

→
∞

Regression and  
classification work 

ℰ$%& → 0,ℰ0−1 → 0
<latexit sha1_base64="KhqS2EaiJAJVYgvldQgSSNou+Dc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMFWwttKJvNpl262Q27E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmVtfWNzq7pd29nd2z+oHx51jco0ZR2qhNK9kBgmuGQd5ChYL9WMJKFgj+HkduY/PjFtuJIPOE1ZkJCR5DGnBK3UH8Sa0DwqclkM6w2v6c3hrhK/JA0o0R7WvwaRolnCJFJBjOn7XopBTjRyKlhRG2SGpYROyIj1LZUkYSbI5ycX7plVIjdW2pZEd67+nshJYsw0CW1nQnBslr2Z+J/XzzC+CXIu0wyZpItFcSZcVO7sfzfimlEUU0sI1dze6tIxsSmgTalmQ/CXX14l3Yumf9X07y8bLa+MowoncArn4MM1tOAO2tABCgqe4RXeHHRenHfnY9FaccqZY/gD5/MH3xKRlg==</latexit>

d

n



One analysis path for l2, step 2: analyzing 0-1 error of interpolator

[Muthukumar, Narang, Subramaniam, Belkin, Hsu, Sahai JMLR’21]

<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Spiked covariance: (n, d, k, R)
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<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n

<latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit><latexit sha1_base64="ytGEAN0pwvWGXXd/Wfnbu2rTOyQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA2lM1mky7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLMikMuu63s7G5tb2zW9mr7h8cHh3XTk67Js014x2WylT3A2q4FIp3UKDk/UxzmgSS94LJ3dzvPXFtRKoecZpxP6GxEpFgFK3UC8kwjoka1epuw12ArBOvJHUo0R7VvoZhyvKEK2SSGjPw3Az9gmoUTPJZdZgbnlE2oTEfWKpowo1fLM6dkUurhCRKtS2FZKH+nihoYsw0CWxnQnFsVr25+J83yDFq+oVQWY5cseWiKJcEUzL/nYRCc4ZyagllWthbCRtTTRnahKo2BG/15XXSvW54bsN7uKm3mmUcFTiHC7gCD26hBffQhg4wmMAzvMKbkzkvzrvzsWzdcMqZM/gD5/MHdISO8g==</latexit>

⌃ = diag(⇤) =
<latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit><latexit sha1_base64="TZtJ1uc7AqEfQ5NcHCVZl07cKDM=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAixCbsimEYI2FhYRDQPyIZwd3aSDJl9MHNXDEtaG3/FxkIRW//Azr9x8ig08cCFwzn3ztx7/EQKjY7zbS0tr6yurec28ptb2zu79t5+XcepYrzGYhmrpg+aSxHxGgqUvJkoDqEvecMfXI79xj1XWsTRHQ4T3g6hF4muYIBG6tjUuxW9EOgF9ZA/YBYI6I2K3rV5IYATI3fsglNyJqCLxJ2RApmh2rG/vCBmacgjZBK0brlOgu0MFAom+SjvpZonwAbQ4y1DIwi5bmeTS0b02CgB7cbKVIR0ov6eyCDUehj6pjME7Ot5byz+57VS7JbbmYiSFHnEph91U0kxpuNYaCAUZyiHhgBTwuxKWR8UMDTh5U0I7vzJi6R+WnKdkntzVqiUZ3HkyCE5IkXiknNSIVekSmqEkUfyTF7Jm/VkvVjv1se0dcmazRyQP7A+fwBU2ZjE</latexit>

(sparsity level)

Ratio 
<latexit sha1_base64="o/5E3nJP9Fv05gGK62jk2VO8gPc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBi8cq9gPaUDbbSbp0swm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SjmaToxzSSPOSMGit1Hkg/iog3qNbcujsHWSVeQWpQoDmofvWHCctilIYJqnXPc1Pj51QZzgROK/1MY0rZmEbYs1TSGLWfz8+dkjOrDEmYKFvSkLn6eyKnsdaTOLCdMTUjvezNxP+8XmbCGz/nMs0MSrZYFGaCmITMfidDrpAZMbGEMsXtrYSNqKLM2IQqNgRv+eVV0r6oe1d17/6y1nCLOMpwAqdwDh5cQwPuoAktYDCGZ3iFNyd1Xpx352PRWnKKmWP4A+fzB/vdjqE=</latexit>

R � 1

Ratio R
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Regression and  
classification work 

ℰ$%& → 0,ℰ0−1 → 0
<latexit sha1_base64="KhqS2EaiJAJVYgvldQgSSNou+Dc=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHgxWMFWwttKJvNpl262Q27E6GE/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAU36HnfTmVtfWNzq7pd29nd2z+oHx51jco0ZR2qhNK9kBgmuGQd5ChYL9WMJKFgj+HkduY/PjFtuJIPOE1ZkJCR5DGnBK3UH8Sa0DwqclkM6w2v6c3hrhK/JA0o0R7WvwaRolnCJFJBjOn7XopBTjRyKlhRG2SGpYROyIj1LZUkYSbI5ycX7plVIjdW2pZEd67+nshJYsw0CW1nQnBslr2Z+J/XzzC+CXIu0wyZpItFcSZcVO7sfzfimlEUU0sI1dze6tIxsSmgTalmQ/CXX14l3Yumf9X07y8bLa+MowoncArn4MM1tOAO2tABCgqe4RXeHHRenHfnY9FaccqZY/gD5/MH3xKRlg==</latexit>

d

n

Classification works,  
regression does not! 

 ℰ$%& → ∥θ*∥2
2

ℰ0−1 → 0
<latexit sha1_base64="29EAycHO26kXBFQMW/SMHUaqCvs=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIqMeCF48V7Ac0oWw2m3bpZhN3N2IJ+StePCji1T/izX/jts1BWx8MPN6bYWZekHKmtON8W5W19Y3Nrep2bWd3b//APqx3VZJJQjsk4YnsB1hRzgTtaKY57aeS4jjgtBdMbmZ+75FKxRJxr6cp9WM8EixiBGsjDe26px6kzr1IYpKHRS6KYmg3nKYzB1olbkkaUKI9tL+8MCFZTIUmHCs1cJ1U+zmWmhFOi5qXKZpiMsEjOjBU4JgqP5/fXqBTo4QoSqQpodFc/T2R41ipaRyYzhjrsVr2ZuJ/3iDT0bWfM5FmmgqyWBRlHOkEzYJAIZOUaD41BBPJzK2IjLGJQZu4aiYEd/nlVdI9b7qXTffuotFyyjiqcAwncAYuXEELbqENHSDwBM/wCm9WYb1Y79bHorVilTNH8AfW5w8+gJUr</latexit>r

d

n



One analysis path for l2, step 2: analyzing 0-1 error of interpolator

[Muthukumar, Narang, Subramaniam, Belkin, Hsu, Sahai JMLR’21]

<latexit sha1_base64="tZWvAQDX6Adi7vewfDhxTpFZIaY=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbtkswm7G6GE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnSC6m/mdJ1SaJ/LRTFL0YzqSPOSMGit1ItIXgshBtebW3TnIKvEKUoMCzUH1qz9MWBajNExQrXuemxo/p8pwJnBa6WcaU8oiOsKepZLGqP18fu6UnFllSMJE2ZKGzNXfEzmNtZ7Ege2MqRnrZW8m/uf1MhPe+DmXaWZQssWiMBPEJGT2OxlyhcyIiSWUKW5vJWxMFWXGJlSxIXjLL6+S9kXdu6p7D5e1xm0RRxlO4BTOwYNraMA9NKEFDCJ4hld4c1LnxXl3PhatJaeYOYY/cD5/AJOFjxM=</latexit>

k ⌧ n

Spiked covariance: (n, d, k, R)
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Feature index (j)
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j
)

<latexit sha1_base64="ifX6NfRcM99gnvLrCYei7wETfrA=">AAAB8nicbVDLSgMxFL1TX7W+qi67CRahbsqMG7ssunFZwT5gOpRMJtPGZpIhyQhl6Ge4caGIW7/Gnb/hF5g+Ftp6IHA451xy7wlTzrRx3S+nsLG5tb1T3C3t7R8cHpWPTzpaZorQNpFcql6INeVM0LZhhtNeqihOQk674fhm5ncfqdJMinszSWmQ4KFgMSPYWMmv9bnNRnjwcDEoV926OwdaJ96SVJuV72uwaA3Kn/1IkiyhwhCOtfY9NzVBjpVhhNNpqZ9pmmIyxkPqWypwQnWQz1eeonOrRCiWyj5h0Fz9PZHjROtJEtpkgs1Ir3oz8T/Pz0zcCHIm0sxQQRYfxRlHRqLZ/ShiihLDJ5ZgopjdFZERVpgY21LJluCtnrxOOpd1z617d7aNBixQhAqcQQ08uIIm3EIL2kBAwhO8wKtjnGfnzXlfRAvOcuYU/sD5+AGegZJA</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="y8yiHjGJMrLz0Jfofa2PNcCsn/o=">AAAB8nicbVC7TsMwFHXKo6XlUWDsYlEhlaVKWOhYwcJYJPqQ0qhyHKc1dZzIvkGqov4BKwsDCLHyNWz8BjMD7mOAliNZOjrnXPne4yeCa7DtTyu3sbm1nS/sFEu7e/sH5cOjjo5TRVmbxiJWPZ9oJrhkbeAgWC9RjES+YF1/fDXzu/dMaR7LW5gkzIvIUPKQUwJGcmt9YbIBGdydDcpVu27PgdeJsyTVZuXrMl96+G4Nyh/9IKZpxCRQQbR2HTsBLyMKOBVsWuynmiWEjsmQuYZKEjHtZfOVp/jUKAEOY2WeBDxXf09kJNJ6EvkmGREY6VVvJv7nuSmEDS/jMkmBSbr4KEwFhhjP7scBV4yCmBhCqOJmV0xHRBEKpqWiKcFZPXmddM7rjl13bkwbDbRAAVXQCaohB12gJrpGLdRGFMXoET2jFwusJ+vVeltEc9Zy5hj9gfX+A8F4k9o=</latexit><latexit sha1_base64="JMxVStJbeI97HCr8+oNb6G4v4PE=">AAAB8nicbVBNT8JAFHzFL8Qv1KOXRmKCF9J6kSOJF4+YCJiUhmy3W1jZ7ja7ryaE8DO8eNAYr/4ab/4bF+hBwUk2mczMy743USa4Qc/7dkobm1vbO+Xdyt7+weFR9fika1SuKetQJZR+iIhhgkvWQY6CPWSakTQSrBeNb+Z+74lpw5W8x0nGwpQMJU84JWiloN4XNhuTwePloFrzGt4C7jrxC1KDAu1B9asfK5qnTCIVxJjA9zIMp0Qjp4LNKv3csIzQMRmywFJJUmbC6WLlmXthldhNlLZPortQf09MSWrMJI1sMiU4MqveXPzPC3JMmuGUyyxHJunyoyQXLip3fr8bc80oioklhGpud3XpiGhC0bZUsSX4qyevk+5Vw/ca/p1XazWLOspwBudQBx+uoQW30IYOUFDwDK/w5qDz4rw7H8toySlmTuEPnM8fgsSQsQ==</latexit>

n
<latexit sha1_base64="wxi5GPG+4pZ7ii7CaTlYVdv4xJQ=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqsteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJFcjus=</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="z9wZQh/onZRRmARZPN/V/DaEbLc=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVkZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+bV5Ew</latexit><latexit sha1_base64="WcJK/VUkIF5pj6lDWX5AbkMg3+g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqy1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDSz4zk</latexit> d � n
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Regression and  
classification work 

ℰ$%& → 0,ℰ0−1 → 0
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Neither work 
 ℰ$%& → ∥θ*∥2

2
ℰ0−1 → 1/2

Classification works,  
regression does not! 
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Takeaways for classification with l2-minimizing solutions

• Different training loss functions could yield similar or even identical 

solutions



Takeaways for classification with l2-minimizing solutions

• Different training loss functions could yield similar or even identical 

solutions 

• Classification 0-1 test loss is much more benign than regression MSE; so 

l2-inductive bias could work better for classification tasks



Plan today…
Part I: For linear regression, we discuss how  
• variance can decay as overparameterization increases (simple math) 

• Two factors can govern variance decay vs. bias increase 

• For fixed interpolator, certain problem instances/distributions are more benign 

• For fixed problem instance, certain interpolators generalize better  

Part II: For classification, we discuss the 

• effect of loss function choices 

• implicit bias of optimization algorithms for neural networks 

• generalization of neural networks on noisy, high-dimensional data



Benign overfitting in neural networks

• Most theoretical works on benign overfitting focus on linear/kernel setting.

• We’ll discuss recent works in neural networks and open questions.

• Notably: all results on benign overfitting in neural nets require ambient dimension
d � n

• Very unsatisfying: neural nets can be overparameterized in d � n regime, when is
overfitting benign in this setting?
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Which estimators do we care about?

Model Algorithm Setting Estimator

Linear Gradient descent Classification `2 max-margin
Linear Gradient descent Regression `2 min-norm interpolator
Linear Adaboost Classification `1 max-margin
Linear Basis pursuit Regression `1 min-norm interpolator

Neural nets Gradient descent Classification ?
Neural nets Gradient descent Regression ?

• Next: implicit bias of GD in neural net classification.

• After: “trajectory analysis”, directly analyzing properties of neural nets trained by
GD

Telgarsky’13, Soudry-Hoffer-Nacson-Gunasekar-Srebro’18, Ji-Telgarsky’18, …
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Implicit bias in neural networks

• Which interpolators do we care about for neural nets?

• We’ll focus on classification tasks, training by GD/GF on logistic loss.
• Very little known about implicit bias of GD for neural nets in regression setting.

Theorem

For large class of neural nets, if GD/GF θ(t) reaches a small enough loss, then θ(t)
converges in direction to a first-order stationary point (KKT point) of the `2-max margin
problem,

min
θ

‖θ‖2 s.t. yif(xi; θ) ≥ 1, ∀i ∈ [n]. (1)

• KKT point does not imply even local optimality in general.

• In general, very little is known about KKT points of (1).

Lyu-Li’20, Ji-Telgarsky’20
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Implicit bias in neural networks

• A setting where we understand KKT points of max-margin: two-layer
leaky ReLU nets with nearly-orthogonal data. (φ(q) = max(γq, q))

8 4 0 4 8

0

4

8

f(x; θ) =
∑m

j=1 ajφ(〈θj , x〉), aj ∈ {±1/
√
m},

‖xi‖2 � nmax
k 6=j

|〈xj , xk〉| .

• Satisfied in many settings w.h.p. when d � n2 and (xi, yi)
i.i.d.∼ P (e.g., x ∼ N(0, Id))

Theorem

Suppose data is nearly orthogonal . If θ satisfies KKT conditions for `2-max-margin, then

∃si > 0 s.t.
for any x ∈ Rd, sgn

(
f(x; θ)

)
= sgn

(
〈
∑n

i=1 siyixi, x〉
)
,

where si > 0 satisfy maxi,j si/sj = O(1).

Frei-Vardi-Bartlett-Srebro-Hu’23



Implicit bias in neural networks

• A setting where we understand KKT points of max-margin: two-layer
leaky ReLU nets with nearly-orthogonal data. (φ(q) = max(γq, q))

8 4 0 4 8

0

4

8

f(x; θ) =
∑m

j=1 ajφ(〈θj , x〉), aj ∈ {±1/
√
m},

‖xi‖2 � nmax
k 6=j

|〈xj , xk〉| .

• Satisfied in many settings w.h.p. when d � n2 and (xi, yi)
i.i.d.∼ P (e.g., x ∼ N(0, Id))

Theorem

Suppose data is nearly orthogonal . If θ satisfies KKT conditions for `2-max-margin, then

∃si > 0 s.t.
for any x ∈ Rd, sgn

(
f(x; θ)

)
= sgn

(
〈
∑n

i=1 siyixi, x〉
)
,

where si > 0 satisfy maxi,j si/sj = O(1).

Frei-Vardi-Bartlett-Srebro-Hu’23



Implicit bias in neural networks

• A setting where we understand KKT points of max-margin: two-layer
leaky ReLU nets with nearly-orthogonal data. (φ(q) = max(γq, q))

8 4 0 4 8

0

4

8

f(x; θ) =
∑m

j=1 ajφ(〈θj , x〉), aj ∈ {±1/
√
m},

‖xi‖2 � nmax
k 6=j

|〈xj , xk〉| .

• Satisfied in many settings w.h.p. when d � n2 and (xi, yi)
i.i.d.∼ P (e.g., x ∼ N(0, Id))

Theorem

Suppose data is nearly orthogonal . If θ satisfies KKT conditions for `2-max-margin, then

∃si > 0 s.t.
for any x ∈ Rd, sgn

(
f(x; θ)

)
= sgn

(
〈
∑n

i=1 siyixi, x〉
)
,

where si > 0 satisfy maxi,j si/sj = O(1).

Frei-Vardi-Bartlett-Srebro-Hu’23



Implicit bias in neural networks

Theorem

Suppose data satisfies ‖xi‖2 � nmax
k 6=j

|〈xj , xk〉| . If θ satisfies KKT conditions for

`2-max-margin for 2-layer leaky nets, then ∃si > 0 s.t.

for any x ∈ Rd, sgn
(
f(x; θ)

)
= sgn

(
〈
∑n

i=1 siyixi, x〉
)
,

where si > 0 satisfy max
i,j

si/sj = O(1).

• Although two-layer nets are universal approximators, KKT points for margin

maximization have linear decision boundaries under near-orthogonality .

• Decision boundary is very simple, ≈ uniform average of data.

• Linear model can capture behavior of nonlinear net, trained beyond NTK.

Frei-Vardi-Bartlett-Srebro-Hu’23
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Benign overfitting of neural nets in mixture model

• KKT points for 2-layer leaky nets ≈
∑n

i=1 yixi, when training data is

nearly-orthogonal (‖xi‖2 � nmax
k 6=j

|〈xj , xk〉|) .

μ

• Near-orthogonality typically holds in low-SNR, d � n settings, e.g. mixture model:

ỹ ∼ Unif({±1}), x = ỹµ+ z, z ∼ N(0, Id), y = −ỹ w.p. p.

• Holds if ‖µ‖ = O(d1/2) and d � n2.
• Following results will only hold in this low-SNR, high-dimensional regime

• We’ll see consistency is still possible in this setting
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• Holds if ‖µ‖ = O(d1/2) and d � n2.

• Following results will only hold in this low-SNR, high-dimensional regime
• We’ll see consistency is still possible in this setting



Benign overfitting of neural nets in mixture model

• KKT points for 2-layer leaky nets ≈
∑n

i=1 yixi, when training data is

nearly-orthogonal (‖xi‖2 � nmax
k 6=j

|〈xj , xk〉|) .

μ

• Near-orthogonality typically holds in low-SNR, d � n settings, e.g. mixture model:
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• Holds if ‖µ‖ = O(d1/2) and d � n2.
• Following results will only hold in this low-SNR, high-dimensional regime

• We’ll see consistency is still possible in this setting



Benign overfitting of neural nets in mixture model
ỹ ∼ Unif({±1}), x = ỹµ+ z, z ∼ N(0, Id), y = −ỹ w.p. p.

Theorem (informal)

Suppose labels flipped w.p. p < 1/2, low SNR and d � n2. Then w.h.p., any KKT point θ of
2-layer leaky ReLU net `2-max-margin problem satisfies

∀k ∈ [n], yk = sgn(f(xk; θ)) , and p ≤ P(y 6= sgn(f(x; θ)) ≤ p+ exp

(
−Ω

(
n‖µ‖4

d

))
.

• No dependence on number of neurons in network.

• Overfitting : perfectly fit training data, even though ≈ pn labels are flipped

• Benign overfitting : if n‖µ‖4 � d, test error ≈ noise rate.

• Low-SNR requires ‖µ‖ = O(d1/2), so results hold for ‖µ‖ = Θ(dε) for ε ∈ (1/4, 1/2)

• exp(−Ω(n‖µ‖4/d)) is minimax-optimal!
Frei-Vardi-Bartlett-Srebro’23
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Theorem (informal)

Suppose labels flipped w.p. p < 1/2, low SNR and d � n2. Then w.h.p., any KKT point θ of
2-layer leaky ReLU net `2-max-margin problem satisfies

∀k ∈ [n], yk = sgn(f(xk; θ)) , and p ≤ P(y 6= sgn(f(x; θ)) ≤ p+ exp

(
−Ω

(
n‖µ‖4

d

))
.

• No dependence on number of neurons in network.

• Overfitting : perfectly fit training data, even though ≈ pn labels are flipped

• Benign overfitting : if n‖µ‖4 � d, test error ≈ noise rate.

• Low-SNR requires ‖µ‖ = O(d1/2), so results hold for ‖µ‖ = Θ(dε) for ε ∈ (1/4, 1/2)

• exp(−Ω(n‖µ‖4/d)) is minimax-optimal!
Frei-Vardi-Bartlett-Srebro’23



Benign overfitting of neural nets in mixture model

Recall sgn(f(x; θ)) = sgn(〈
∑n

i=1 yixi, x〉). What does this estimator look like? Since xi = ỹiµ+ zi,

∑n
i=1 yixi =

∑
i∈clean ỹi(ỹiµ+ zi) +

∑
i∈noisy −ỹi(ỹiµ+ zi)

= (|clean| − |noisy|)µ+
∑n

i=1 ỹizi

≈ (1− 2p)n · µ︸ ︷︷ ︸
signal

+
∑n

i=1 ỹizi︸ ︷︷ ︸
overfitting component

Overfitting component helps interpolation , signal helps generalization :

Training data : classify (xi, yi) correctly Test data : classify (x, ỹ) correctly

〈yixi,
∑n

i=1 ỹizi〉 is large, positive,

〈yixi, nµ〉 is small, noisy labels make ±.

〈ỹx,
∑n

i=1 ỹizi〉 is small, random ±,

〈ỹx, nµ〉 is (optimally) large, positive.

• Signal and overfitting component balanced to allow both interpolation + generalization
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〈ỹx, nµ〉 is (optimally) large, positive.

• Signal and overfitting component balanced to allow both interpolation + generalization



Other approaches for benign overfitting in neural nets

• Analysis of implicit bias (KKT conditions, minimum norm interpolation, …)
Frei-Vardi-Bartlett-Srebro’23; Kornowski-Yehudai-Shamir’23; Kou-Chen-Gu’23; …

• Kornowski-Yehudai-Shamir’23 look at local and global minima of
margin-maximization problems (rather than just KKT points)

• Only applies to∞-time limit of training

• “Trajectory analysis”: directly track the weights of neural net trained by GD/GF
from random initialization on noisy data, show that it achieves small train and test
error Frei-Chatterji-Bartlett’22; Xu-Gu’23; Kou-Chen-Chen-Gu ICML’23; Xu-Wang-Frei-Vardi-Hu’23; Meng-Zou-Cao’23; …

• Characterizes finite time performance
• More narrow, less clear “why” benign overfitting happens
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Benign overfitting from trajectory analysis

• Directly examine inductive bias of training by GD/GF, e.g. in 2 layer nets

f(x; θ) =
∑m

j=1 ajφ(〈θj , x〉), L̂(θ) = 1
n

∑n
i=1 `

(
f(xi; θ)

)
,

θ(t+1) − θ(t) = −α∇L̂(θ(t)) =
α

n

n∑
i=1

−`′
(
yif(xi; θ

(t))
)
· yi∇f(xi; θ

(t)).

• Tasks:
• Analyze weights θ(t) and empirical risk L̂(θ(t)) (training example margins yif(xi; θ

(t)))
• Track test error P(y 6= sgn(f(x; θ(t))) (test example margin yf(x; θ(t)))
• These two must be very different for benign overfitting to occur
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Benign overfitting from trajectory analysis

ỹ ∼ Unif({±1}), x = ỹµ+ z, z ∼ N(0, Id), y = −ỹ w.p. p.

Theorem

Suppose labels flipped w.p. p = O(1), low SNR and d � n2. Then when training a two-layer
leaky ReLU network by gradient descent (w/ appropriate random init θ(0), learning rate), for all
t ≥ 1,

L̂(θ(t)) ≤ O (1/t) , and p ≤ P(y 6= sgn(f(x; θ(t))) ≤ p+ exp
(
−Ω(n‖µ‖4/d)

)
.

• No dependence on number of neurons in network.

• Benign overfitting if t is large and n‖µ‖4 � d.

• Same generalization bound as KKT analysis, but now holds throughout GD trajectory.

• Only tolerates p = O(1), rather than p < 1/2 from KKT analysis.

Frei-Chatterji-Bartlett’22; Xu-Gu’23
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Benign overfitting from trajectory analysis

f(x; θ) =
∑m

j=1 ajφ(〈θj , x〉), L̂(θ) = 1
n

∑n
i=1 `

(
f(xi; θ)

)
,

θ(t+1) − θ(t) = −α∇L̂(θ(t)) =
α

n

n∑
i=1

−`′
(
yif(xi; θ

(t))
)︸ ︷︷ ︸

≥0

·yi∇f(xi; θ
(t)).

• Difficulty arises: “clean label” examples (in principle) are easier, larger margin yif(xi; θ
(t)),

while “noisy label” examples harder, smaller margin

• Since −`′ is decreasing, implies noisy labels could have outsized influence on training
dynamics −→ hard for overfitting to be ‘benign’

• Key technical lemma shown in most trajectory analyses: loss ratio bound ,

sup
t≥0

max
i,j

−`′
(
yif(xi; θ

(t))
)

−`′
(
yjf(xj ; θ(t))

) = O(1).

• Known proofs all rely on nearly-orthogonal data (d � n) to show this

Chatterji-Long’21; Frei-Chatterji-Bartlett’22
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“Blessing of Dimensionality”

• d/n → ∞ necessary for benign overfitting in linear
models, but unknown if necessary for neural networks.

• Consider again the Gaussian mixture model, with
p = 0.15 labels flipped (train and test),m = 512
neurons, vary d/n.

• Learning dynamics different in n > d setting;
overfitting less ‘benign’
−→ “Blessing of dimensionality”? See also:

[Kornowski-Yehudai-Shamir’23]
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Benign, tempered, and catastrophic overfitting

• There is a spectrum of generalization behavior when
overfitting.

• Let Rn be test error for interpolator (train error = 0)
using n samples,R∗ best possible test error.

Regression Binary Classification

Benign lim
n→∞

Rn = R∗ lim
n→∞

Rn = R∗

Tempered lim
n→∞

Rn ∈ (R∗,∞) lim
n→∞

Rn ∈ (R∗, 1/2)

Catastrophic lim
n→∞

Rn = ∞ lim
n→∞

Rn = 1/2

• Neural net trained on high-dimensional mixture
model: (provably) benign; low-dimensional:
tempered?
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Open questions

• Is benign overfitting in neural nets possible in low dimensions (n � d)?
• Overparameterization through wider nets could help, but does it? When? Why?

• Which neural net interpolators do we care about in regression?

• Necessary and sufficient conditions for benign overfitting in linear classification?
• Fairly complete picture of min-`2 linear regression, but mostly sufficiency guarantees
in classification.

• Dream: data-dependent, signal-dependent, tight guarantees.
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Thanks!
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