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Linear classification setting

Data model for n samples (standard model in 1-bit compressive sensing):
« Gaussian covariates x; ~ N(0,/;) of dimension d and binary labels y; = sgn((w*, x;))¢;

« Noise model &|x; ~ P, (.; (x;,w*)) only depends on x; in the direction of w*

o Special cases: random label flips, logistic regression model, random noise before quantization

« Sparse high-dimensional regime whered > n and |[w*||, =s K n

Performance measure:
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Maximum ¢{-margin classifier

Interpolation constraint

We study the maximum ¢;-margin classifier, given by l
w = argmin |[|w][; s.t. Vi: | yi(w,x;) =1
w

W « argmaxminy;{w,x;) s.t. |w|; <1.
w l

« Classifier may not be unique. Our results hold simultaneously for all solutions!
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We study the maximum ¢;-margin classifier, given by l
w = argmin |[|w||; s.t. Vi: vilw, x;) = 1
w

W « argmaxminy;{w,x;) s.t. |w|; <1.
w l

« Classifier may not be unique. Our results hold simultaneously for all solutions!

Classifier arises naturally as limiting solution of

« {,-penalized logistic regressionas 4 = 0

« coordinate descent algorithms such as Adaboost (implicit bias) [T13]
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« Practically speaking, one should use regularization!

« Goal, understand why and to what extend interpolating classifiers can “absorb the noise”

Related work

«  [CKLvdG22],[W10]: existing upper bounds of order 0(1) for general (adversarial) corruptions.

« [WDY21]: In the related sparse linear regression setting, rates for adversarial noise are of order

0(a?) while rates for randomized noise are of order 0 <%>
og

Open Question: Does the prediction error for the maximum ¢;-margin classifier yield
vanishing rates when labels are randomly corrupted?




First main result: Yes!

Theorem 2 - Noisy classification
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Sparsity can go up to almost n. Open question whether we can replace
n
?
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the constraint with |[w*||; <
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«  Maximum-margin classifiers are natural choices in the noiseless (low-noise) regimes

Related work
1/3

«  [CKLvdG22],[W10] Show an upper bound of order 0 (”W*”i) for general (non-sparse) vectors

n

« Adaptivity to sparsity: many sparse classifiers/regressors show a gap in rates between hard-sparse
(bounded ¢3-norm) and soft-sparse (bounded #;-norm) ground truth w*

Open question: Can we improve the rates in [CKLvdG22] when w* is (hard) sparse?
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Maximum ¢;-margin classifier is not adaptive to sparsity



Second main result: No!

Theorem 3 - Noiseless classification

2
Suppose |[w*|l, S n3log(d)~1*/3 . Foranyn >k, and k;m,, < d < exp(ksn'/1?),
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4> and k, some constant and m,, = 8(n|lw*||{)?/3

Open Problem: Show that early stopped coordinate descent yiclds faster (adaptive) rates and

thus early stopping may be helpful even if there is no noise!



Proof sketch

Uniform convergence based proof (similar to [KZSS21] etc)
« Step 1 (Localization): Upper bound with high prob.
¢y = [min [lwll; s.t. Vi:i  ywx)=1] <M
« Step 2 (Uniform Convergence): Upper (resp. lower) bound with high prob.
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Key difficulty:
« To obtain tight bounds we require a very sharp analysis (including the constants)

« Forinstance, replacing M with 2M would only yields loose (already known) bounds

I:> Gaussianity is key!
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Main Tool: Convex Gaussian Minimax Theorem

Compare the Gaussian processes

¢y =min ||w|l; s.t Vii yiw,x) =1
w

U

Oy = mvgn lwlly  s.t. (wi,H) = f,([lwell,, wy)

f,, is some (random) function and H an iid Gaussian random vector

(C)GMT by [TOH14] : a high prob. upper bound for @y, yields a high prob. upper bound for ¢

Main technical contribution is a careful analysis of @y, ®, and &_
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Thanks for listening!
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