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Out-of-distribution generalization and 
transfer learning: pitfalls and 

opportunities
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Supervised learning: given training data , where , find a model 
 with low excess risk on test data :    


,


where        .


{(Xi, Yi)}i∈[n] (X, Y ) ∼ ℙ
f ∈ ℱ (X, Y ) ∼ ℙ

ℰ( f ) = ℛ( f, ℙ) − ℛ( f ⋆, ℙ)

f ⋆ = arg min
f∈ℱ

𝔼ℙ[ℓ( f(X), Y )] =: arg min
f∈ℱ

ℛ( f, ℙ)

So far in our lecture:
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Crucial assumption: training and test data are sampled from the same distribution ! 


This is true, for instance, if one randomly splits a pre-existing dataset into train-val-
test:

ℙ

"Dataset" and its corresponding split



However, in practice, training data can be collected:


• way before the test data (e.g. time series models trained before COVID); 


• at a different geographical location (e.g. personalized ads in different countries);


• only from a certain subgroup / subpopulation (e.g. medical studies on 
volunteers).

I.I.D. assumption vs. real world
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general populationvolunteers



Instead, we need to solve the following out-of-distribution generalization 
problem:


I.I.D. assumption -> OOD assumption
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Given training data , where , find a model  
with low excess risk on test data :    





where .


If we can find such an , we say we can generalize out-of-distribution.

{(Xi, Yi)}i∈[n] (X, Y ) ∼ ℙtrain f ∈ ℱ
(X, Y ) ∼ ℙtest

ℰtest( f ) = ℛtest( f ) − ℛtest( f ⋆),

ℛtest( f ) = 𝔼ℙtest
[ℓ( f(X), Y )]

f



However, even in the infinite-sample limit  (or, given ), OOD 
generalization is, in general, impossible: 

n → ∞ ℙtrain

Impossibility of OOD generalization
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 without further 
knowledge, 

impossible to use 
 to find a good 

model for !

⟹

ℙtrain
ℙtest



Question: which additional knowledge can be brought into the problem and how 
can it be motivated? 

Assumptions for OOD generalization



Taxonomy of OOD generalization

OOD generalization

Domain adaptation (DA) Domain generalization

unsupervised DAsupervised DA

assume  
(known)

ℙtrain, ℙtest ∈ 𝒫assume access to some 
samples from ℙtest

(Xi, Yi) ∼ ℙX,Y
test (Xi) ∼ ℙX

test

Note: domain adaptation often aims to provide finite-sample guarantees in both 
source data from  and target data from . In contrast, domain 
generalization often operates in the infinite-sample regime.

ℙtrain ℙtest
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Taxonomy of OOD generalization

OOD generalization

Domain adaptation (DA) Domain generalization

unsupervised DAsupervised DA

assume  
(known)

ℙtrain, ℙtest ∈ 𝒫assume access to some 
samples from ℙtest

(Xi, Yi) ∼ ℙX,Y
test (Xi) ∼ ℙX

test



Domain adaptation: classical results

We consider the following classification setting due to Ben-David:


Source domain: ; Target domain:  (  domain of a function!) 


where  a (non-deterministic) labelling function.


⟨PX, fP⟩ ⟨QX, fQ⟩ ≠

fD : 𝒳 → [0,1]

Given a (binary) classifier , define the risk on domain 
:





(corresponds to 0-1 loss if  deterministic). Empirical risk: .


h : 𝒳 → {0,1}
D ∈ {P, Q}

ℛD(h) = 𝔼DX
[ |h(X) − f(X) | ]

fD ℛ̂(h)



L1 divergence and the first bound

Intuitively: if the distributions  and the labelling functions  are "far 
apart", source data is not useful. 


 need appropriate measures of divergence of distributions and labellers.


Definition. For distributions  over , the  divergence (or absolute 
variation distance) is defined as  

 

where  are sets measurable under  and . 

PX, QX fP, fQ

⟹

PX, QX 𝒳 L1

d1(PX, QX) = 2 sup
B∈ℬ

|PX(B) − QX(B) | ,

ℬ PX QX

Ben-David et al. (2010). A theory of learning from different domains.



L1 divergence and the first bound

Theorem [Ben-David 2009]. For a hypothesis , it holds h

ℛQ(h) ≤ ℛP(h) + d1(PX, QX) + min{𝔼PX
[ | fP(X) − fQ(X) | ], 𝔼QX

[ | fP(X) − fQ(X) | ]} .
T1: source risk T2: covariate shift T3: difference of labelling functions

Definition. For distributions , the  divergence (or absolute variation distance) is 
defined as  

 

where  are sets measurable under  and . 

PX, QX L1

d1(PX, QX) = 2 sup
B∈ℬ

|PX(B) − QX(B) | ,

ℬ PX QX

Ben-David et al. (2010). A theory of learning from different domains.



L1 divergence and the first bound

Theorem [Ben-David 2010]. For a hypothesis , it holds 




T1: minimized by ERM on source, "ideal case"


T3: difference of labelling functions, small if tasks similar 


T2: want to upper bound , however: 


- hard to estimate in finite samples


- overly strict measure -- not all measurable subsets are relevant in practice, 
only ones on which hypotheses of interest can make mistakes! 

h

ℛQ(h) ≤ ℛP(h) + d1(PX, QX) + min{𝔼PX
[ | fP(X) − fQ(X) | ], 𝔼QX

[ | fP(X) − fQ(X) | ]} .

d1

T1: source risk T2: covariate shift T3: difference of labelling functions

Ben-David et al. (2010). A theory of learning from different domains.



Refinement: the -divergenceℋ

Definition. Let  be two distributions over  and  a hypothesis class 
over . Denote . The -divergence is defined as


.


• -divergence is never larger than the -divergence, can be much smaller if 
 has finite VC dimension.


• -divergence can be estimated from finite samples:


,


where  and .

PX, QX 𝒳 ℋ
𝒳 I(h) := {x ∈ 𝒳 : h(X) = 1} ℋ

dℋ(PX, QX) := 2 sup
h∈ℋ

|PX(I(h)) − QX(I(h)) |

ℋ L1
ℋ

ℋ

dℋ(PX, QX) ≤ ̂dℋ(𝒟P, 𝒟Q) + 4
VC(ℋ)log(2m) + log(2/δ)

m

𝒟P = {Xi}m
i=1 𝒟Q = {Xj}m

j=1



Refinement: the -divergenceℋ

-divergence can be estimated from finite samples:


,


where  and .


• The empirical -divergence can be computed via the minimum error on a 
surrogate "source vs. target" classification task using .

ℋ

dℋ(PX, QX) ≤ ̂dℋ(𝒟P, 𝒟Q) + 4
VC(ℋ)log(2m) + log(2/δ)

m

𝒟P = {Xi}m
i=1 𝒟Q = {Xj}m

j=1

ℋ
h ∈ ℋ



Domain adaptation bounds using -divergenceℋ

Definition. The ideal joint hypothesis is the hypothesis which minimizes the 
combined source and target risk: 

.


We denote its combined risk by 


Intuition: if the "domains", or "tasks" are similar and  is expressive enough, 
they admit a classifier which is simultaneously good on both tasks. 


h⋆ := arg min
h∈ℋ

[ℛP(h) + ℛQ(h)]

λ := ℛP(h⋆) + ℛQ(h⋆)

ℋ

Ben-David et al. (2010). A theory of learning from different domains.



Domain adaptation bounds using -divergenceℋ

Define the symmetric difference hypothesis class 

,


where  is the XOR operation. "Set of disagreements" between two 
hypotheses in . 


The -divergence only takes the supremum of  on sets 
 on which two hypotheses from  can disagree! 


ℋΔℋ := {h ⊕ h′￼: h, h′￼∈ ℋ}

⊕
ℋ

ℋΔℋ |PX(B) − QX(B) |
B ℋ

Ben-David et al. (2010). A theory of learning from different domains.



Domain adaptation bounds using -divergenceℋ

Theorem. Let  be a hypothesis class of VC dimension . Let  be 
unlabelled datasets from source and target distributions of size . Then with 
probability at least , for every :





- Refined measure of divergence which can be approximated from data 


- Term  depends on the loss function, expresses how well the tasks can be 
jointly solved 


- Without further assumptions, all terms are necessary - cf. lower bounds in 
Ben David et al., Impossibility Theorems for Domain Adaptation. 

ℋ d 𝒟P, 𝒟Q
m′￼

1 − δ h ∈ ℋ

ℛQ(h) ≤ ℛP(h) +
1
2

̂dℋΔℋ(𝒟P, 𝒟Q) + 4
2d log(2m′￼) + log(2/δ)

m′￼

+ λ

λ

T1: source risk T2: covariate shift + finite sample error T3: joint hypothesis risk

Ben-David et al. (2010). A theory of learning from different domains.



Divergence-based bounds: discussion

• Inspired a series of "domain-adversarial" methods, where the goal is to learn 
a representation  of the feature space such that  small.


• However: 

Φ(X) dℋΔℋ(PΦ
X , QΦ

X )
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Divergence-based bounds: discussion

• Inspired a series of "domain-adversarial" methods, where the goal is to learn 
a representation  of the feature space such that  small.


• However: learning such a representation using solely unlabelled target data 
can result in label-flipping (spurious) features! 

Φ(X) dℋΔℋ(PΦ
X , QΦ

X )

+1

-1

-1

+1

P Q



Divergence-based bounds: discussion

• -divergence is symmetric in  and , however, transfer of information 
from one distribution to another is not symmetric 

• -divergence can be constant when transfer from  and  is possible


ℋΔℋ P Q

ℋΔℋ P Q



Divergence-based bounds: discussion

• Example: = threshold functions, , .  
deterministic given  with . 


• Here , but 





• In particular, the target risk decreases if the source risk decreases! 

ℋ PX = Unif(0,2) QX = Unif(0,1) Y
X h⋆(X) = sign(x ≤ 1/2)

dℋΔℋ(PX, QX) = 1/2

ℰQ(h) = Q(h ≠ h⋆) ≤ 2P(h ≠ h⋆) = ℰP(h)

h⋆ ht

1/2 1 2

f Q
X

fP
X

1

1/2



Divergence-based bounds: discussion

• Example: = threshold functions, , .  
deterministic given  with . 


• Here , but 





• In particular, the target risk decreases if the source risk decreases! 


This motivates introducing notions of complexity of domain adaptation beyond 
divergences 

ℋ PX = Unif(0,2) QX = Unif(0,1) Y
X h⋆(X) = sign(x ≤ 1/2)

dℋΔℋ(PX, QX) = 1/2

ℰQ(h) = Q(h ≠ h⋆) ≤ 2P(h ≠ h⋆) = ℰP(h)

Hanneke, S., & Kpotufe, S. (2019). On the value of target data in transfer learning.



Beyond divergence

Definition. We call  a transfer exponent from  to  w.r.t. , if 

 

for some universal constant .  

Intuition: equivalently , i.e. the target risk of any 
hypothesis is upper-bounded by an exponent of its source risk. Smaller  - 
more information to transfer. If , "super-transfer". If , no transfer.


• The notion of transfer exponent allows for adaptive procedures which 
achieve zero excess risk with growing number of source or target samples;


• Allows to establish bounds for unsupervised or supervised DA


• All provided such an exponent  exists! 

ρ > 0 P Q ℋ

ℰρ
Q(h) ≤ CρℰP(h), ∀h ∈ ℋ

Cρ

ℰQ(h) ≤ C1/ρ
ρ ℰ1/ρ

P (h)
ρ

ρ ≤ 1 ρ = ∞

ρ < ∞

Hanneke, S., & Kpotufe, S. (2019). On the value of target data in transfer learning.



Non-monotonic risks 

Hanneke, S., & Kpotufe, S. (2024). Adaptive Sample Aggregation In Transfer Learning. 

Consider the following example: 


• Task: classify circle from square.


• Source distribution  is supported in the 
darker region


• Target distribution  is supported in the 
lighter region


•  
(classifiers along one of the coordinates).


• We have  = 0, 
however . 


• With just few labeled target samples, we 
could easily detect the model with low risk. 

PX

QX

ℋ = {v : v = ce1 or v = ce2, c ∈ ℝ}

ℛP(h⋆
P,1) = ℛP(h⋆

P,2)
ℛQ(h⋆

P,1) = 0; ℛQ(h⋆
P,2) = 1

• Transfer exponents etc. are 
too pessimistic in this 
scenario!



Non-monotonic risks 

• In this example, we have utilised "belief" 
that at least one of the good models  
will have a low target risk, as opposed to 
any good model on .


• Such situations do occur in practice!


• But to formalize such "belief", we need to 
assume additional structure of what "can 
change" between source and target 
distributions.

h⋆
P,i

P

• Transfer exponents etc. are 
too pessimistic in this 
scenario!

Hanneke, S., & Kpotufe, S. (2024). Adaptive Sample Aggregation In Transfer Learning. 



• Example: predicting whether a patient has a certain disease based on 
observations of two symptoms. 


Domain knowledge: either 


A "medical" example

Symptom 1

Symptom 2

Symptom 1 Disease Symptom 2

Symptom 1 Disease Symptom 2



Population A (source) shows Symptom 2 only if 
they have the disease.


Population B (target) shows Symptom 2 only if 
they do not have the disease.


Using only the symptom which causes the 
disease will yield a model which performs 
reasonably well on both source and target 
domains.


Domain knowledge: either 


A "medical" example

Symptom 1

(hormone 

levels)

Symptom 2 (weight loss)

Symptom 1 Disease Symptom 2

Symptom 1 Disease Symptom 2



In this example, we have assumed:


although we do not know which symptom causes 
the disease, the biological mechanism of the 
disease is invariant and remains the same across 
source and target. However, spurious 
correlations of the disease with other symptoms 
or the way the disease manifests can vary. 


We will formalize this assumption:


1) in the abstract framework of worst-case 
domain generalization;


2) more concretely through causality


A "medical" example

Symptom 1

(hormone 

levels)

Symptom 2 (weight loss)

Symptom 1 Disease Symptom 2

Symptom 1 Disease Symptom 2



Taxonomy of OOD generalization

OOD generalization

Domain adaptation (DA) Domain generalization

unsupervised DAsupervised DA

assume  
(known)

ℙtrain, ℙtest ∈ 𝒫assume access to some 
samples from ℙtest

Small excursion into the world of domain generalization

(Xi, Yi) ∼ ℙX,Y
test (Xi) ∼ ℙX

test



Worst-case domain generalization 

Given: (data from) the source distribution  and belief that an (unseen) target 
distribution can only exhibit certain shifts from , i.e. . Here,  is a 
(potentially infinite) collection of possible target distributions . 


Goal: find model  such that





(game: we pick the model, then an adversary picks the target distribution)


Finding such a model  = achieving distributional robustness w.r.t. target shift.


Solving this min-max problem is intractable, i.a. since  is unknown. 


However, one can try to utilize multiple source domains .


Variability across these domains can help approximate .

P
P Q ∈ 𝒬P 𝒬P

Q

h ∈ ℋ

h ∈ arg min
h∈ℋ

max
Q∈𝒬P

ℛQ(h)

h

𝒬P

{Pe : e ∈ ℰtrain}

𝒬P



Achieving worst-case domain generalization 
Many multi-environment methods have been proposed to obtain 
distributionally robust models, including:


- (group) distributionally robust optimization (groupDRO):





- variance-of-risks penalization (vREx):





- invariant risk minimization (IRM): 





- and many more. 

min max
e∈ℰtrain

ℛPe
(h)

min
h [βVar(ℛP1

(h), . . . , ℛPm
(h)) + ∑

e

ℛPe
(h)]

min
h,Φ ∑

e

ℛPe
(h ∘ Φ) s.t. h ∈ arg min

h′￼

ℛPe
(h′￼∘ Φ) ∀e

When can we hope to recover a well-
generalizing model with these 
objectives?

Sagawa et al. (2019). 
Distributionally robust 
neural networks for 
group shifts

Krueger et al. (2021). 
Out-of-distribution 
generalization via risk 
extrapolation (rex).

Arjovsky et al. (2019). 
Invariant risk 
minimization



DAGs and Structural Causal Models

X2

Y

X3

X1

X5

X4

• Causal relationships between variables can be 
graphically represented via a directed acyclic 
graph (DAG) 


•  means  is a parent (cause) of ,  
is a child of . 


• A structural causal model (SCM) is a 
collection (for each node )  of causal 
mechanisms  and exogenous noise 
(random) variables  such that





and all  are independent. 

𝒢 = (V, E)

Xi → Xj Xi Xj Xj
Xi

Xi
fi

Ui

Xi = fi(Pa(Xi), Ui)

Ui

X0



DAGs and Structural Causal Models

• Causal relationships between variables can be 
graphically represented via a directed acyclic 
graph (DAG) 


•  means  is a parent (cause) of ,  
is a child of . 


• A structural causal model (SCM) is a 
collection (for each node )  of causal 
mechanisms  and exogenous noise 
(random) variables  such that





and all  are independent. 

𝒢 = (V, E)

Xi → Xj Xi Xj Xj
Xi

Xi
fi

Ui

Xi = fi(Pa(Xi), Ui)

Ui

Natural (and necessary) assumption: causal mechanism of  
remains invariant across domains, while the causal mechanisms 

of other variables might change. 

Y

X2

Y

X3

X1

X5

X4

X0



DAGs, interventions

• A DAG encodes conditional independence 
relationship in form of d-separation.


• Example: 


• For a given distribution , there might be 
multiple DAGs which encode the correct 
conditional independence relationships


• Thus, from just a single distribution, one in 
general cannot identify the causal structure 


• Instead, one can identify its skeleton, whose 
possible orientations give rise to the Markov 
Equivalence Class (MEC) of possible DAGs

Y ⊥ X0 |X1

P
X2

Y

X3

X1

X5

X4

X0



Identifiability of DAGs: example 

• Consider the 3-node causal graph


• Rain is correlated with umbrella usage, 
wet clothes – but what is causing what?


• Making it rain increases umbrella usage 
and wet clothes


• But making everyone use umbrellas does 
not make it rain 


• The above are examples of 
interventions: 


• Intervention on  forces , 
regardless of causal mechanism


• Intervention then propagates through the 
graph

Xj Xj ∼ Pint

rain umbrella wet clothes

rain umbrella wet clothes

rain umbrella wet clothes

rain umbrella wet clothes

and more... in total 8 candidate graphs!



Ladder of causation

Pearl (2020). The Book of Why: The new Science of Cause and Effect.



Causality for domain generalization: example

YX1 X2

Key observation: shared causal structure results in models with stable risk! 

For instance, consider the following linear 
Gaussian SCM:








X1 = U1 ∼ 𝒩(μ1,1)

Y = X1 + UY, UY ∼ 𝒩(0,1)

X2 = Y + U2, U2 ∼ 𝒩(μ2,1)

Assumption: the source distribution  is induced by the SCM with 
; the target distribution  is induced by the same SCM but with 

non-zero .

P
μ1 = 0, μ2 = 0 Q

μ1, μ2



Causality for domain generalization: example

YX1 X2

Linear regression setting with squared loss:  

 

Family of target distributions: 


 

Objective: find linear model  s.t.


ℛP(h) = 𝔼P[(Y − h(X))2]

𝒬P = {Q :  follows the same SCM as P, (μ1, μ2) ∈ ℝ2}

h ∈ ℝ2

h ∈ arg min max
Q∈𝒬P

ℛQ(h)



Causality for domain generalization: example

We explicitly compute the models and their risks:


;     ;      

1.  

2.  

3.  

Causal models result in bounded target risks for a wide variety of shifts!  

h1 = arg min
h=ce1

ℛP(h) h2 = arg min
h=ce2

ℛP(h) h1,2 = arg min
h∈ℝ2

ℛP(h)

h1 = (1,0), ℛP(h1) = 1, ℛQ(h1) = 1

h2 = (0,2/3), ℛP(h1) = 2/3, ℛQ(h1) = 2/3 +
(μ1 − 2μ2)2

9

h1,2 = (1/2,1/2), ℛP(h1,2) = 1/2, ℛQ(h1,2) = 1/2 + μ2
2 /4

causal model

anticausal 
model

OLS model 
(unconstrained)



Causality for domain generalization
Many modern domain generalization works focus on identifying and learning the 
invariant causal predictor / model.


However, the framework runs into multiple limitations:


1. Identifying the parent set of the target variable is hard, requires strong 
assumptions – if they are not satisfied, wrong set can be discovered


2. Some variables might be unobserved, resulting in no or partial invariances


3. Finite-sample and learnability aspects are completely ignored: recall first 
part of the lecture! Even if one correctly identifies the parent set , no 
guarantee that the resulting causal model trained on finitely many samples / 
for a misspecified function class will have a bounded target risk! 

Pa(Y )

hP hQ

fP fQ

Here, the ground truth is 
not learnable by  

(linear functions) and the 
supports of  and  

are disjoint.

ℋ

PX QX



Causality for domain generalization

However, also has advantages over unstructured domain adaptation:


1. Offers a realistic, structured view on what can shift between source and 
target


2. Provides methods to find models, of which at least one often will have 
stable target risk 



Taxonomy of OOD generalization

OOD generalization

Domain adaptation (DA) Domain generalization

unsupervised DAsupervised DA

assume  
(known)

ℙtrain, ℙtest ∈ 𝒫assume access to some 
samples from ℙtest

(Xi, Yi) ∼ ℙX,Y
test (Xi) ∼ ℙX

test



Can causality improve (supervised) domain adaptation?

• Setting: Linear regression setting with , , squared loss.


• Fix  and for any , define 



• Let  denote the source and  the target distribution


• For  let  be the best model on  only 

using features .


X ∈ 𝒳 ⊂ ℝd Y ∈ ℝ

ℋ = {h ∈ ℝd : ∥h∥2 ≤ B} I ⊂ [d]
ℋI = {h ∈ ℋ : hIc = 0}

P Q

D ∈ {P, Q} hI,D ∈ arg min
h∈ℋI

ℛD(h) D

XI



Can causality improve (supervised) domain adaptation?

• We are given a source dataset  and a (small) target 
dataset 


• Further, we are given a set  of feature sets , i.e.  and the 
corresponding set of candidate models





• For simplicity, let us assume an idealized setting in which 


• Further notation:  for 


• "best-generalizing source model from collection":


 

𝒟P = {(Xi, Yi)}i∈[nP]
𝒟Q = {(Xi, Yi)}i∈[nQ]

ℐ I ℐ ⊂ 2[d]

{hI,P : I ∈ ℐ}

nP = ∞

ΣD := 𝔼D[XX⊤] D ∈ {P, Q}

h(1),P = arg min
hI,P:I∈ℐ

ℛQ(hI,P)



Theorem [KJBKY 25']. Assume for   sub-Gaussian with 
, moreover  for all   and 

. Let . Define 

. Let . 


Assume that . 


Define .


Then there exists an adaptive procedure , which depends only on  
and , for which with probability at least 


.


D ∈ {P, Q} X
∥X∥ψ2

≤ C0 ∥Y − 𝔼D[Y |XI]∥ψ2
≤ σ2

Y I ⊂ [d]
λmin(ΣD) ≥ λ0 δ > 0

ℐacc := {hI,P : I ∈ ℐ,∥hI,P − ĥQ∥2
Σ̂Q

≤ C
d + 1/δ

nQ } M = |ℐacc |

ℰQ(h(1),P) ≤ C
log(M/δ)

nQ

ℐgood := {hI,P : ΔI := ℰQ(hI,P) − ℰQ(h(1),P) ≤ C
log(M/δ)

nQ }
h̃ 𝒟P, 𝒟Q, ℐ

δ 1 − δ

ℰQ(h̃) ≤ min { sup
I∈ℐgood

ℰQ(hI,P), C
d + log(1/δ)

nQ }



Procedure



Discussion
• The first step helps remove models which have worse rate than the retrained 

target estimator. In practice, this greatly reduces number of models


• The second step is an iterative refinement step aimed to further improve 
target risk in a favorable "gap" situation: 

ℰQ

hQ h(1),P hI,P h(M),P

models utilizing 
the shifted 
spurious feature

models not the 
shifted spurious 
feature (stable)

τ Δτ

• Then if , we have w.h.p.
nQ ≳
log(M/δ)

Δτ

ℰQ(h̃) ≤ min {τ, C
d + log(1/δ)

nQ }



Outlook
• Real-world data often exhibits causal structure, however 


• it may be impossible to fully identify


• it might not be enough for domain adaptation in finite samples


• To avoid making mistakes or being too conservative on target environments, 
one has to have access to some labelled target data


• How to use this data most efficiently in presence of limited causal 
knowledge?


• Can one find good candidate sets so that they are guaranteed to contain at 
least one well-generalizing model?


