Lecture 10: Kernel ridge regression
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Recap: Non-parametric prediction error bound

-

Definition (Localized (empirical) Gaussian complexity)
The localized Gaussian complexity around f* of scale ¢ is

Go(F*162) = Gl F* ) NBaGn)) =E  sup =3 wih(x)

|A|[2<50,AcF* 121

-

Lemma (Critical radius, MW 13.6.)

For any star-shaped F, it holds that @ is non-increasing and the
critical inequalit 5
L Gn(Fid) _ 6

) e

has a smallest solution §, > 0 that we call the critical quantity/radius.

Theorem (Prediction error bound, MW Thm 13.5.)

If F* is star-shaped, we have for the square loss minimizer f for any
t>1

nt5%

P(||f — )% > 16t62) < e 202
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Motivation for next example: kernel spaces F

It's infeasible to search in generic non-parametric (say e.g. Lipschitz,
or non-decreasing) function spaces since they're infinite dimensional.
Kernel spaces are special in the following sense:

® Motivation 1: Computationally efficiently and tractably find global
minimizer f: implementable transition from linear to featurized
regression via kernel trick

® Motivation 2: From research: one way to think about training NN is
to view it as learning a specific kernel. Actually, convolutional neural
tangent kernels (based on NN) can predict CIFAR10 with ~90% test

accuracy

® With compute capacities nowadays, can also fit parametric classes
(NN) with huge number of parameters, approximating complex
function spaces well.

® However, due to being convex, can actually analyze minimizer in
Reproducing Kernel Hilbert spaces (RKHS)
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Plan for today

® RKHS primer (not the focus of the course and hence not covered in
full detail, only mentioned to get better understand the example
application of our non-parametric prediction error bound):
® Definition
® RKHS via kernels
® Representer theorem

® constrained RKHS as an example for non-parametric prediction error
bounds

® RKHS minimizer of regularized square loss
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Reproducing Kernel Hilbert spaces

The reproducing property RKHS enables efficient search since one can
write solution easily in closed form with matrix vectors

Recall: Hilbert space F with f : X — R is a vector space with

® a valid inner product (-, -)r that is symmetric, additive
e (f f)r >0 for all f, equality iff f =0 and ||f||r = /{f,F)F

Definition (Reproducing kernel Hilbert space - MW Def 12.12.)

A Hilbert space with f : X — R with evaluation functional that is
bounded and linear, i.e. for all x € X there exists L, : F — R with
L. (f) = f(x) and |Lx(f)| < My||f]|= for all f € F for some M, < oo

— can (i) design RKHS via a kernel directly, or (ii) take Hilbert space
satisfying abstract definition in last slide and find kernel “in hindsight”
(see “appendix”, skipped in class)
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(i) RKHS induced by kernels

Definition (Reminder - psd kernels)

A bivariate function K : X x X — R is a valid kernel iff K is
symmetric and psd, i.e. for xi,...x,, kernel matrix K € R™" with
Kij := K(xi, xj) is psd

Examples for kernels:

® inner product kernels such as polynomial kernels, but also NTK
Ix=y I
® RBF kernels such as a-exponential kernels e™ “ with bandwidth

parameter 7 (Gaussian o = 2, Laplacian a = 1)

Theorem (RKHS induced by kernel - MW Thm 12.11.)

Given any psd kernel function IC : X x X — R, there is a unique
Hilbert space Fy in which KC is reproducing, i.e. for all x € X,
f(x) = (f,K(-,x))r forall f € F and K(-,x) € F. We call it the

\( reproducing kernel) Hilbert space induced by (or associated with) IC.j
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(i) RKHS “induced” via kernel
Given K, how may the induced RKHS Fi look like?

® The idea: First define the following set of functions

pre—{ZalC LX) NENQERle,.. XNEX}and

i=1
defining inner product for f = Z ailC(+, xi) and g = Z BilC(+, %)

I
m

f é;.;bm }E::}E:<1:ﬁbﬁc(>ﬁ,>9)

i=1j=1

® We call Fx its completion, that is the space including limit objects
of all Cauchy sequences in Fpr (sometimes omitting the subscript)

® K satisfies the following reproducing property in Fx since
(K(xi, ), K(xj, ) e = IC(XHXJ) — forany f =3 BiK(xi, )

= iﬁ/( K(xi,-), K(x, ) ZB/K x1,+), K(x, ) Fie = (F, K(x,-)) Fie
=1
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Constrained and penalized non-parametric regression
® |n general non-parametric regression, the least-square estimate f is
k 1

~ 1
f € arg min — Z(y,-—f(x,-))2 = —|ly—f(x")|3 (possibly non-unique)
fer N 2n

® Now the function space F could be an RKHS Fi or even
norm-bounded functions in an RKHS /metric space, with

—f
||fr|1|nf|2R 2n”y (X1)|’2

® The kernel ridge regression objective is an equivalent formulation
(for some appropriate \)
Clly — FDIB + A3
min —||y — f(x
feF 2n Y 17112 T
(replaces the /> norm of parameter vector in linear regression by
RKHS norm)
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Reparameterizing kernel (ridge) regression objective

® For F being an RKH§, we can easily find (“the” or , dependent
on A > 0) minimizer f for kernel (ridge) regression by searchlng only
in a subset Fgs.

Proposition (Representer Theorem - MW Prop. 12.33.)
A global empirical risk minimizer in Fy for any loss is in
Fs :=span{K(x1,),...,K(xn,-)}. Further the (unique) minimizer of
the empirical risk (with any loss) with an additive RKHS norm penalty
lies in Fs. (Proof in “appendix”)

J/

-

® Hence, it suffices to search for functions of the form
f(x) => "1 aik(x;,x) with norm
1115 =30 i K(xi, %) = na' Ko where K is the (empirical
kernel matrix) with Kjj = KC(x;, x;)
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Reparameterizing kernel (ridge) regression objective
® Therefore, kernel ridge regression reduces to
1 1

2 2 2 2
in Sy = FO)2 + AllfllF = fmgp 5y = FO)2 + Allfll 7
= — K ' K
= min — Hy al3 + o' Ka
(1)
and similarly, the constrained version becomes
min Hy — f(x)|l3=_min Hy Kal3 (2)

Ifl=<R 2n aTKa<R 2n

® 5o the argmin of eq. 2 and eq. 1 can be written as
fF(-) = 2im1 GiK (-, x;) with

& = argmin —|ly — Ka|3
a Ka<R
and correspondingly
1
= argmin —|ly — Kal3 + \a' Ka
o 2n
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Proof of Representer Theorem for RKHS (skipped)
® We can write f € Fx using the orthogonal decomposition of
Fi=Fs@ Fqui,ie. f ="fs+ fsi with fs € Fg etc.

® By the reproducing property and orthogonality between Fs, Fs.,
we have f(x;) = (fs + fs., K(xi, ) 7. = (fs,K(xi,-))F. so that

1 n
| =D i, (fs + 1 5+ M| fs + foi |3
= min 1§n35( fs(xi)) + Allfs |3
I R i Xi
_fse}_sn. Yi, TS S Fic

i=1
because ||fs|| 7. < ||fs + fs1||7c and with equality only if A=0 [

Reproducing property in RKHS: (IC«(+), f)r = f(x) for all f € F
— convergence in J pointwise convergence
— reduces to n-dim regression problem
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Non-parametric regression in RKHS

We're now ready to apply our non-parametric prediction error bound
on minimizers of the square loss in RKHS!

Recall the empirical square loss = >, (y; — f(x;))? (for A = 0) and
(empirical) prediction error £ S°7 (£*(x;) — f(x;))?.

Setting: f* € Fi for some kernel K and y; = f*(x;) + ow; w/ i.i.d,
Wi ~ N(O, ].)

Goal: instantiate the prediction error bounds for f that are the kernel
(ridge) regression minimizers above using localized complexities

Neighbor-Q:

a) Is the kernel matrix invertible?

b) What is the minimum value of the empirical (square) loss?
c) How about the prediction error?
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Constrained /Regularized regression in a metric space

If IC is s.t. K is pd/full-rank for all distinct inputs — can interpolate!
In that case the localized Gaussian complexity will be of order 1.

F generally too large! — norm-bounded Fr = {f € F: ||f||r < R}

The regularized estimator fg is defined as (possibly non-unique)

.1
fr € arg min - Z(yl F(6))* = argmin ||y — F(x])]>
ferr N5 IfI|I<R,feFR <N

Theorem (Prediction error of norm-bounded functions)

Assume f* € Fr and further assume d,.r it holds that
Ugn(F3 nR) < 5

nrR. Then we have for the least-squares estimate

OnR
ﬁQ c Fr
Ifr = F*II2 < coR*0%
R0 R

with probability > 1 — cie” © ~ o2

J

(This theorem actually holds for any normed function space F as long
as F — F is star-shaped)
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Proof for Theorem (prediction error of f € FRr)
° Scalmg basic inequality || A2 < 29 (w, A) by 2 Rz, Using f* = Ly

f=X% A=Ff—Ff* &5=2, weobtain [|A|2 < 22371 wiA(x;)

i a
R R

e Since f*,f € F1, A € Ff = Fy — f~ C F3 (F, suffices for
norm-bounded RKHS, but use F3 for penalized later)

® Now argue similar to last lecture
® Want 23" w;A(x;) < 2||A||n0mr for all ||All, > dnr for some dng

® Since F is a Hilbert space, Fr is convex and Fr — Fg is convex —

star-shaped for any R. Then Iike last time we get
A(x,

SUP|A 24,867 5 it WAL S SUPJAY <5, Aer 5 i W

® |n particular, by the concentration of Lipschitz functions of Gaussians,

A(X, < 5,7 R

I(SnR —

for each R we again have sup s
||A||n§5n;R7A€f3
where we use the modified critical inequality

Ew SUPRc 7, | Alln<6mn (; Do W Aag;),z) = %gn(}}?(sn;l?) < dpr in
tail bound
e Observing ||f — F*||2 = R?||A||? yields the theorem. ]
g
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Instantiation for norm-bounded RKHS

® Key: compute the localized G.C. to find d,.r satisfying the
assumptions of the theorem

® |nstead of using Dudley's integral, for RKHS we can directly use the
special structure given by the spectrum of the kernel matrix.

e By the representer theorem we have fr(-) = 321, &iK(-, x;) with

1
& = argmin —|ly — Ka|3
a Ka<R

® Denote the eigenvalues of the rescaled kernel matrix % as [i;

Lemma (R-modified critical radius d,.,r, MW Cor. 13.18)

Let 0,.r be the smallest 0 > 0 satisfying

6°R

4 n
- i 2 nl<
ﬁJ;mm{é 7MJ}— o

Then it also holds that Z9nt73:%R) < On-rRR
(Sn'R !

N ' Y,
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Localized G.C. for RKHS with bounded norm

The key for the proof of the above lemma is the following bound

Lemma (local G.C. for norm-bounded RKHS, MW Lem. 13.22)

Let F be an RKHS with kernel function K and [i; be the eigenvalues

of the rescaled kernel matr/x . Let F, be the norm-bounded space
of functions in F with RKHS norm r. It holds for all 6 > 0 that

Gn(F1;0) < \/g\l z”: min{d2, [i;}.
j=1

In fact, more generally Gn(Fy;8) < 1/ ’2“ \/ZJ L min{02, fi;}.

- J

In what follows, we denote as K the rescaled version of the empirical
matrix for convenience, i.e. Kjj = 1KC(x;, x).
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Proof of Lemma (skipped during class)

® By representer theorem, can take sup over Fgs by parameterizing
A() = % S ailk(+, x;) € Fs C F and hence A(x{) = v/nKa, s.t.

~ 1
gn(Fr;a) = Ew sup _ZWiA(Xi)
Al z<r]|Alla<s 75

1
= —FE sup w' Ka

w
\/ﬁ alKa<r?,al K2a<42

e Llet K=U"AU and 0 := ANUa — Qn(]-"r, J) = ﬁEW maxger W' 6
2
with T= {0 € R" | Y 67 <7, Ze' <r?}
i i=1 Hi
e let &:={AcR" | ni?<1+r>} DT w/ 5 =max{62, 1}

max(w, 0) <= max w, ) <— max diag=V?(n; w,
9€5< ) eriag(n,-)6§1+r2< ) |;5||2<\/1+—r2< s (miyw, )

— Gn(Fr:9) LS DY S 42 /57 L via Jensen's [ 7

More discussion on the error bound

Note: Can easily generalize to f* ¢ Fr (more technical, without new
core insights) with additional approx. error infyf.<g ||f — *||3

Rates for actual kernel spaces F

® Ex. 1: a-smooth functions (derivatives up to order « are
~ 2«
square-integrable) w/ fij ~ j72% — ||f — f*]|2 < (RT"’Z)ZM1 (you'll
prove it in HW2)

; n —cjlogj 3 w2 — o log(5)
® Ex. 2: Gaussian kernel w/ fi; ~ e” 98 — ||f — || < ——==

(see MW example 13.21)

® Bonus: For K on compact X empirical matrix eigenvalues fi; ~ p;
for big n where p; are integral operator eigenvalues of the operator
Tr defined by T=(f)(y) = | K(x,y)f(x)dP(x) (Koltchinskii, Gine
'00)
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Penalized regression guarantees for metric spaces

® Recall kernel ridge regression solution

f, = argmin Z(yl F(xi))? + Al f 115
feF :

® With the same definition of the critical quantity d,.g as before

Theorem (Prediction error for reg. estimators - MW Thm 13.17.)
For any convex function class F with a norm and F* star-shaped,
when A\, > 252 g, there is a universal constant such that for f* € Fgr

nR252

f/\ — F*||2 < cR?(6%2.5 + A\p) w/ prob. > 1 — e @ 2
R

* Again, if f* & Fg yields add. approx. error infy s <g ||f — |3
* if additional term A\, ~ 5%;,?, same order as constrained

® in practice, don't know 9, — choose A\, via cross-validation
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Proof of bound for regularized regression estimate
For simplicity we write f for f,,

1. By optimality we have
i D) = PO+ Ml < 525w+ 01
which_yields different basic inequality after rearranging terms
n
SIBIE < 73w x) + 2171~ 1715

2. Divide both sides by R? and use normalized f*, f o by like for
norm-bounded — f*, f,.6,A=Ff— > (f different than in MW!)

1 = b — ~ —~ ~

SIAIR < 757 wid (o) -+ (IF3 ~ IF13)
i=1 g

_ T,

T
Note that T» is a new term and A, f are not necessarily
F-norm-bounded which enters in localized G.C. for Fr to bound T3
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Proof of bound for regularized regression estimate

3. Either ||A]|p.r < 6, and we are done, or ||Al|, > d,.r on which
event we further analyze two events differing by the F-norm of A
and show that in both events it holds that

cIANI7 < conrllAlln+ An

for different constants ¢’, c(details in next slide)

a) Event 1 ||f||7 < 2: then ||A||x < 3 and using previous arguments
as for the prediction error for norm-bounded RKHS using the critical
inequality and tail bound we obtain Ty < cd,.g||A||n, as well as the

fact that Tp < ||f*||% < 1.

b) Event 2 ||f||7 > 2: using a new (peeling) lemma for all ||A]|z > 1
see next slide. There we use T, to “cancel” large norms

4. Solving the quadratic yields [|A|? < c(05.5 + An) O
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Proof of 3b. - regularization plays role of norm-bounding

We use the shorthand 9, for 6, r. We now show that on both events
1& 2, c||A|?2 < con||A||n + An for some (different) constants ¢, ¢

b) Event 2: ||fllz>2> 1> |||z — |A|#>1

® T;: can still bound T3 using~similar idea as before, but iteratively
(peeling lemma) on event ||Al|x > 1 (MW Lem. 13.23) yields with

n5,27
2

probability at least > 1 — cje <@

G 5 R A Al
sup _ZW/‘A(X,') < 26, | Allp + 207 || All F + ||16|| G)
Aer+ A|z>1 175

o To: M(IF*I1% = IF]3) < 24, - using R
1All7 < [Ifll7 + I1£*]l7 and [[£*]1% = [£11% < [IF*[l= — ]l 7
— green “swallows” red term for large enough )\, > 262
— regularization takes care of not having explicit norm bound!

® Putting things together yields %HAH% < con||Al|n + %6HAH,27 + 2\,
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Peeling lemma idea - MW Lem. 13.23 (skipped in class)

® The idea is to make T7; depend on the F-norm which we can then
“kill"” via regularization (large enough \,)

® By star-shapedness of F it suffices to show inequality with sup over

|A|| 7 = 1 (it that held, then for any || A]|+ > 1, we could plug in

A

—=— to obtain the same bound)
1Al 7

 However then, we no longer have ||Al|, > &, (can essentially only
use the star-shaped argument on one of the norms)

® Then we do something like in chaining - split up event where eq. 3
does not hold and ||A||x = 1 (without boundedness of ||A||,) into
subevents where ||Al|, € [tm, tmt+1] with t,, =276,

® [astly, union bounding with this choice of t,, with the usual
concentration bound (Lipschitz function of Gaussians in MW Thm
2.26) yields the result.

For a detailed proof we refer to the book.
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References

Reproducing Kernel Hilbert spaces:

¢ MW Chapter 12
® SC Chapter 4

(Penalized and constrained) Non-parametric regression

® MW Chapter 3
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ii) From function class (RKHS) to kernel

Theorem (Existence of kernel, MW Thm 12.13)

Given an RKHS F, there is a unique psd kernel ICx that satisfies the
reproducing property

Proof (bonus):

® By the Riesz representation theorem there exists a unique R, with
Lx(f) = (R, ) F

® The corresponding kernel Cr: X x X — R of F reads
Kr(x,y) = (R«, Ry) = R«(y) and is psd, symmetric

® Fx also has bounded evaluation functionals where M, = /K(x, x)
via Cauchy Schwarz

® Fi is the only Hilbert space in which I satisfies the reproducing
property (KCx(+), f)r = f(x) for all f € F (MW Thm 12.11)
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ii) From function class (RKHS) to kernel: Examples
1. Is Fjin = {f : f(x) = (w,x),w € RY} an RKHS?

® Propose K(x,y) = (x, z) as a reproducing kernel

® Following discussion about Fpe we define for f = (wy,-,) and
g = (wg, ) the inner product (f,g) = w/ w,

® By definition the IC then satisfies the reproducing property:

(F(), (,2)) = wf z = f(2)
2. 1s £2(]0,1]) an RKHS?

® Does not converge point-wise, necessary for all RKHS: that is if
f, — f in the Hilbert norm, then it also does for every x by
boundedness of evaluation functional

3. Some restrictions on £2([0,1]) can fix that: Sobolev space on [0, 1]
Wi([0,1]) = {f : [0,1] = R | £(0) =0, " € £>3([0,1])} where
derivative exists almost everywhere

IP (f,g) fo f'(x)g’(z)dz (interpretable)

Sobolev kernel: IC(X y) = min{x, y}

Checking it's reproducing:

(F(),min{, 2}) = [5 f'(x)Le<odx = [ F/(x)dx = f(2)

can extend to higher order derivatives / smoothness (HW 3) 2631




From function class (RKHS) to kernel: Sobolev spaces

£2([0,1]) is not an RKHS because convergence not point-wise

Some restrictions on £2([0,1]) can fix that: Sobolev space on [0, 1]
W3([0,1]) = {f : [0,1] = R | £(0) =0, " € L£3([0,1])} where
derivative exists almost everywhere

* IP (f,g) = J§ f'(x)g’(2)dz (interpretable)
® Sobolev kernel: K(x,y) = min{x, y}

® Reproducing prop.:
(F(-),min{-, z}) = [§ f'(x)Lx<zdx = [Z f(x)dx = f(2)

® can extend to higher order derivatives / smoothness (HW 2)
W ([0,1]) = {f :[0,1] = R | £2)(0) = 0, £(*) € £2([0, 1))}
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Kernel trick (you should know)

The following two slides are for reference, as a recap of kernel trick
(which you should know):

Feature maps are motivated by search in nonlinear function spaces

® Instead of linear function w'x with w € R?, we want w ' ¢(x) with
w € RP where ¢ is feature vector with p elements ¢; : X — R

® |n fact this includes feature maps that satisfy ¢ : X — ¢»(N) where
U5 is the space of square summable sequences

® Define F = {f : X = R: f(x) = (w, #(x)),,, with w € £r(N)}
and consider loss /((x,y); f) = I(f(x), y)

Lemma (dependence only on inner products)

There exists a global empirical risk minimizer

f =minfer 301 I(yi, F(x;)) such that for any test sample x € X,
f(x) only depends on x, x; via inner products {$(x;), G(Xj) )9y, and

<¢(Xi)a ¢(X)>7-[O
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Proof of Lemma (you should know)

Define S = span{¢(x1), ..., d(xn)}

1. Note that because f(x;) = w' ¢(x;), the value of the empirical risk
only depends on ws := [[s w, we can limit search space to w € §S.
This is because you can decompose w = ws + wsi with S+ the
orthogonal complement of S and hence w/, ¢(x;) = 0 for all i

2. To search in Fs = {f : f(x) = (w, ¢(x)),, w € S} we can
parameterize w = > ; a;o(x;) and hence

f(x;) = >oimg ai (o(xi), ¢(Xj)>Ho and

3. The ERM f can then be obtained by minimizing over a obtaining &
which depends on training points x; only via (¢(xi), $(x;))4,,

4. Observing that f(x) = 327, &i{p(x;), ®(x)) 3, the proof is complete
[]
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Kernel eigenvalues (bonus)

® The empirical and population Gaussian complexities are close within
constants MW Prop 14.25.

® population Gaussian compl. depends on kernel operator eigenvalues

® For K on compact X empirical matrix eigenvalues [i; ~ pu; for big n
where 1i; are integral operator eigenvalues (Koltchinskii, Gine '00)

Define bounded, linear Hilbert-Schmidt integral operator
Tic : L2 — L2 with Ticf = [K(x,y)f(y)dy, and we call y;
eigenvalues and v; eigenfunctions if Ticy); = pjv;

Theorem (Mercer's) (SC Thm 4.49, 451, MW Thm 12.20)

For IC psd with RKHS Fic, there exist eigenfcuntions and eigenvalues
Y;, uj > 0 of Tx that satisfy

- ¢j form an ONB in L?(P) and ¢; = \/lij; is an ONS in Fy.

- K(x,y) = 22 mjpbi(x)¥j(y) converges in L?(P)

. If I also continuous, above sum converges absolutely and uniform/y)

AT =

Crucial: wj,1; depends on distribution P! 30/31




Proof of Mercer’s Theorem (bonus)

1. Main component: Hilbert-Schmidt Theorem (spectral theorem)
(e.g. Knapp Thm 2.5, any functional analysis book)

® For any kernel, Tx is compact, self-adjoint, has eigenspaces

® decomposition of image of Tx into 1); (countable) ONB of £, that
are eigenvectors of Ty

® sum converges in £2,

2. Positivity by definition of the operator and kernel psd
3. Why Tx maps to Fxc SC 4.26.: Hoelder ineq, Bochner integrability

4. Absolute uniform convergence of sum for continuous kernel:
Non-decreasing sequences of continuous functions with a continuous
limit converge uniformly (e.g. Rudin 7.13).

Notes in S.C. they define it Tx more rigorously
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