Lecture 2: Uniform tail bound and McDiarmid
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Plan today

1. Recap excess risk decomposition and Hoeffding's inequality

2. Concentration of functions of n dependent r.v. via bounded
differences

3. McDiarmid inequality and uniform tail bound

4. Proof of McDiarmid via Doob martingales, Azuma-Hoeffding
inequality

2/18




Recap last lecture: excess risk decomposition

® Recall we assume that Z; := (X;, Y;) '~ Hd P with Z € Z and
evaluate a function f by the expected loss (population risk)
R(f) =E{(Z;f)

 The empirical risk is defined by R,(f) = £ 37, (Z;; f) and
for fixed f, we have ER,(f) = R(f).

® \\e want to bound the excess risk
<0 by optimality

+ Ra(Fy) — Ra(F*) +Ra(F*) — R(F")
< F(?n) - Rn(/f\-nz f\) ( ) o R(f*z

TV TV

T T

® Then we can use Hoeffding's inequality to bound T, if X = ¢(Z, f)
for fixed f is subgaussian (e.g. bounded loss)
2
ZX EX >1t) <e 22

i=1
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Proof of Hoeffding's inequalit
Lemma (Hoeffding's inequality)
For i.i.d sub-Gaussian R.V. X;, it holds that
nt’2
IP’( ZX EX >t) < e 272
i=1

-

Proof:
1. We can apply Chernoff on the mean of n independent random

variables with moment generating function

R S0 (X6-EX)) _ HEen(X ~4) — [Be(Xi—im1n
i=1

2. Hence, the mean of ni.i.d. sub-Gaussian variables |s sub-Gaussian
>\ a

1 n
with parameter % since B (s 2o (Xi—EX3) <ea? "

3. yielding Hoeffding's inequality for the mean of iid sub-Gaussians
nt2
ZX EX > t) <e 27

i=1 4/18




Back to term T;

® Problem: R,(f,) = -y 0(Z;: f,) not an emp. mean of i.i.d.
R.V.! Can we still show some sort of concentration for Ry(f,)?

® Crude bound: since by assumption algorithm searches in a
model /function class F, i.e. f, € F, we can upper bound T; by

T1 = R(fy) — Ru(fy) < ?gg R(f) — Ru(f) =: gn(Z1,-- -, Zn)
® Recall for fixed f, R,(f) is an empirical mean of ni.i.d. random
variables ¢(Z;; f) if Z; are i.i.d. - this appears in T5.
® As opposed to the average of ni.i.d. random variables, for T; we
now bound another function of ni.i.d. random variables, that is
gn: 2" — R - the supremum of an empirical process R(f) — R,(f)

® While for T, we can show that empirical mean R,(f) concentrates
around its expectation ER,(f) = R(f), we now show:
if g, satisfies some properties, g, concentrates around Eg,(z)!
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Plan:

® Tail bound for bounded losses
® what we can do with the tail bound
® McDiarmid for g, with bounded differences
® Proof of tailbound with McDiarmid

® Proof of McDiarmid
® Proof intuition: High-level steps
® Proof of McDiarmid using Azuma-Hoeffding
® Azuma-Hoeffding inequality tailored for this proof
® Proof why assumptions for Azuma-Hoeffding hold
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Tail bound for supremum of (bounded) empirical process
® Remember for f € F: Ry(f) = 2 301 4(Z;, f) and
R(f) =E((Z,f)

® We can now use McDiarmid’s inequality on the sup. of empirical
process gn(Z1,--.,Zn) = supscr R(f) — Rn(f) for bounded losses
to prove the following tail bound

Theorem (Uniform tail bound)
For b-unif. bounded {(-, ), that is ||[{(-; )||cc < b for all f € F, it
holds that

P(sup R(f) — Ra(f) > E[sup R(f) — Ra(f)] + 1) < & 22
feF feF

2

where the probability is over the training data.

-

® Note that there are other results beyond boundedness (Lipschitz
functions etc.), that are tighter particularly in the context of

bounding suprema of empirical process - MW Chapter 3
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“Recap”: Bounding excess risk using the tail bound

Discuss with your neighbor: Assuming
Res(n, F) := E[supsc 7 R(f) — Rn(f)] is bounded, how do we now
bound 77 with high probability?

We immediately obtain

nt2
P(sup R(f) — Rp(f) < Res(n, F)+t) >1—e 22
feF

This is a “high probability” bound in the sense that with probability at
least 1 — 6 we have

+ Res(n, F)

2 log( L
sup R(F) — Ru(f) < b og(5)
feF n
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McDiarmid inequality for g, with bounded differences
Definition (bounded difference property)

Define for given z,z' € Z" a new vector z\K with the k-th element

ik
from z' and all other from z: z\X = z ijF

{ . We say that

z, ifj=k
gn : 2" — R satisfies the bounded difference inequality if for each
k=1,...,n it holds that

1gn(2) — gn(Z\k)\ < g, forall z,z € Z"

-

Theorem (McDiarmid, MW Cor. 2.21)

If g, : Z" — R satisfies the bounded difference condition and Z € Z"

is a random vector with n independent entries, then
2

-

2t

P(gn(Z) — Egn(Z) > t) < e 2k

-

-

® Concentration with n is usually obtained via t ~ n or via o ~ %
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Proof of tail bound using McDiarmid
For simplicity define H = {h: h(-) = £(-;f) Vf e F}
Use McDiarmid by checking bounded differences assumption with
gn(2) = supger Rn(f) — R(f) = suppeyy 7 271 h(z;) — Eh
® For b-uniformly bounded H, we have for all k =1,...,n and any
z,z € Z" that for any he H
- Z[h z;) — Eh] — sup - Z h(z") — ER
hen M5
_ Sih(z) = hz") _ h(z) = h(z) _ 2b
B n n - n
® Since it holds for all h € H, taking the sup on both sides yields
2b
gn(z)— g,,(z\k) = sup — Z[h z;) Eh]—sup Z [ Eh]
heH N i n

® By symmetry it holds for g,(z\¥) — gn(z) — |gn(2) — gn(2\¥)| < 2—:

® Plugging in o) = 7 into McDiarmid then vyields the result. 10/18




Intuition for proving McDiarmid

Theorem (McDiarmid, MW Cor. 2.21)

If g, : Z" — R satisfies the bounded difference condition with

{ok}i_1 and Z is a random vector with n independent entries, then
2t2

P(gn(Z) — Egn(Z) > t) < e 2"k

-

Proof intuition:
Re-writing g, as a sum

® For any function g, : Z” — R, even though we don’t have an

average / sum per se, we can write the difference as a sum (check
for yourself)

gn(Z) —Egn(Z) =: En: D;
j=1

where D; :=E[gn(Z)|Z1,. .., Z]| — E|gn(Z)|Z1, ... Zj—1] for j > 2
and Dy = E[gn(Z)|21] - E[gn(2)]
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Proof intuition Part |

® For the special case of empirical mean g,(Z) = X Y"1, Z; with Z;
independent and bounded, we get forall j =1,...,n

1< 1 < Z EZ
Dj:;ZE[Z,-\Zl,...,Zj]—; Y ElZ|zZ,...,Zi4]="L-—
i=j

i=j—1 non

with all D; independent and bounded (hence sub-Gaussian) and
hence one can use Hoeffding's bound

® Can we use this for general g,? For general g,(Z) independence of
D; does not hold!

12/18




Proof intuition Part Il

® However, we can still show that instead of independent subgaussians
D;, we have
® a martingale difference sequence D; where
® D; is bounded “conditionally” on the past (and is still conditionally
subgaussian)
® (informal) Then instead of Hoeffding that can be used on
independent bounded R.V., we can use Azuma-Hoeffding, that

shows

22
n

P> Dj>t)< o Doig(bi—a)

i=1

for bounded martingale difference sequences where D; € [a;, b;] a.s.

We now formalize the proof of part II.
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Formal proof of McDiarmid: Part |

® Define shorthand Z{ = (Z1,...,Z;) € Z' for random /real vectors
® We require the following assumptions on {Dj}j’il corresponding to

is a martingale difference sequence

Assumption (Bounded martingale difference)

Let {D;}2, and {Z;}?2, be two sequences of R.V. where for all j:
® D; is measurable wrt the induced sigma algebra o(Z1, ..., Zj)

* E[Dj|Z1,...,Zj—1] =0 and E|D;| < o0

® Dj|Z1,...,Zj—1 almost surely lies within an interval of length L;

Theorem (Azuma-Hoeffding inequality, MW Cor 2.20)

If the sequences {D;}?°, and {Z;}?2, satisfy above assumptions, then

242

PO D >t)<e 2k
i=1
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Formal proof of McDiarmid: Part Il

Note: This version of Azuma-Hoeffding is tailored to our proof,
Azuma-Hoeffding generally holds for any bounded martingale
difference sequence wrt filtrations generally, the way we write it is to
connect more directly with what's needed to prove McDiarmid.

The proof of McDiarmid now follows from Azuma-Hoeffding
immediately if we can show that

Fact (Doob martingale differences)

For any g, satisfying the bounded difference property with {o;}_1,

the Doob martingale difference sequence

D; :=E[gn(Z)|Z1,...,Z] — E|gn(Z)| 21, ... Zj—1] satisfies the
\bounded martingale difference assumptions.

First, measurability and conditional zero mean follows from the
definition and the tower property. In the next slide we show
boundedness.
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Proof of Fact

® We can now prove that if g, satisfies the bounded difference
condition with {O'J}J 1, then for all z’ € Z/71 there exists aj, b;

st. Di|Z71 = 271 € [a;, bj] almost surely with b; — a; < o}

® \We define shorthand (last equallty foIIows by mdependence of Zj):
Elgn(2)|2 ] :=Elgn(2)|Z{ " = 4] =Egn(2 ", 2))

e Further, by definition, for all z{_ e Zi—1 we have
Dj|Z{ ™ =2 " > inf Elen(Z)|2 . Zj = 2] - Elga(2)l4 ] = 4

DI =z < swpElga(2)l ", Z = 2] ~ Elen(2)|7 ] = b
ze

* Hence Dj|Zi™* = ZI™* € [a;, by] and, by bounded diff. ass. on gy:
bj — aj = sup Egn(z) ', 2, Z"1) — inf Ega(2) ', 2, Z0)
zeZ zeZ

._1 '_1
< sup Elgn(zy ", 2,Z}1) —gnlzr 2, Z)11)| < 0
z,z/eZ
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Summary

® McDiarmid inequality for bounded difference
® uniform tail bound for Ty

® Proof McDiarmid: Hoeffding bound for sums of independent R.V. —
martingale (difference) sequences and Azuma-Hoeffding inequality

Next up: Uniform law with symmetization and Rademacher complexity
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* MW Chapter 2
® Boucheron, Lugosi, Massart: Chapter 2

Martingales - any probability theory book, e.g.:
® P Billingsley. Probability and Measure
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(Bonus) More concentration bounds on suprema of empirical
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