Lecture 5: VC bound and margin bound
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Announcements

Projects released
Feedback compilation:
® Cardinality of ‘H, VC dimension intuition - will explain again in recap

® How everything discussed in class is related
(incorporated into exercise session later today)

® Notation - how can this be improved?
Outline today:
® Recap: Massart's Lemma, VC bound and proof

® Exercise (interactive) session: Proof using the ramp loss and
contraction (students)
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Recap: Set H(Z")

This lecture, we often write z"7 := z{" and the same for x.

e We write H(z") = {(h(z1),...,h(z,)) : h € H} which is equal to
{(l(z1;f),....lzn; F)): F e FYit H=A{h():L(f)for f € F}

® Both Rademacher complexity and VC dimension measure how
“flexible” the function class is to fit any noise variable combination

® We now consider the case of classification where h: Z — {0,1},
hence H(z") C {0,1}"

® Then the cardinality of H(z"), denoted by |H(z")|, corresponds to
number of labelings for z" induced by H. This quantity bounds the
empirical Rademacher complexity via Massart's Lemma (next slide).

® The more “flexible” F, we can find z" with |H(z")| = 2" for larger n
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Recap: Massart's lemma

Lemma (Massart, SS Lemma 26.8)
For n points Z" .= {Zy,...,Z,}, let all h: Z — {0,1} and
H(Z™) .= {(h(Z1),...,h(Z,)) : h € H} with cardinality |H(Z")|.

Ra(H(Z")) := E, csup o ZGI ) < \/2loglit(2")

- J

o if |H(Z™)| grows exponentially — R,(H(Z")) = O(1)

® Proof sketch:

® Step 1: subgaussianity of 237  €;h(Z))
® Step 2: Use expectation of the max of N zero-mean subgaussian R.V.
Xi,...,Xn with sub-gaussian parameter o

E .m1a>7VX,- < v/202log N
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Proof of Massart's lemma (some more details)

e Step 1: subgaussianity of £ 37, €;h(Z))
® For Rademacher ¢; and any Z]" we have that 0, := h(Z;) € {0, 1}.
® Then %ETQ is zero-mean and % sub-gaussian. This follows from the
fact that [a;, b;| bounded r.v. are [b; — a;]/2 subgaussian.
® Step 2: Use the fact from HW 1 that, for N zero-mean subgaussians
Xi,...,Xn with sub-gaussian parameter o

E Xi <y/20%log N
X < 20 og

Here, N = H(Z") the number of different vectors
(h(Z1),...,h(Z,))
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Recap: VC dimension and VC bound

Definition (VC dimension)

‘H has VC dimension dyc if dyc is the largest n for which there exists
z" € Z" with H(z") = {0,1}" or in other words
dvc(H) = max{n: sup nczn |H(2")| = 2"}

® Bounded VC dimension: the growth function sup,nczn |H(2")| (as a
function of n) is not exponential as n — oo

® |nfinite VC dimension: For any n points can “achieve” all labelings -
decision trees, indicators of finite subsets, all functions

Theorem (uniform VC bound)
If H has VC dimension d\c, w/ prob > 1 — ¢ for any estimator f € F

Pf(X)<0) = Z Lyif(x)<o + \/dvc|0g(n tUy \/2|°g—(1/5)

n n

- J
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Proof of VC bound part 1

Now we first prove a high-probability upper bound for the population
0-1 loss £((x,y); f) = 1 ¢(x)<o for finite function classes F.

® By definition of the loss and using the uniform law (U.L.), we get

log(1/0)

1 n
H%YHX)<XD§§;gglw“m<o+2RﬂGﬂ—%c ; (1)
for some universal constant ¢, since
1 n
R(f) o Rn(f) — ]Ef((x,y), f) o ; ZK((X,)/), f)
i=1
1 n
— ]P)(yf(X) < O) - ; Z I[y,-f(x,-)<0
i=1
U.L. log(1/0
<sup R(f) — Ry(f) < 2R,(H) + ¢ og(1/9)
fEF n
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Proof of VC bound part 2
* Note that R,(H) = EzoRn(H) < supzn Rn(H) (this is crude!)

® Further by Massart, supz» Rn(H) < supza \/w yielding

Ro(H) < \/2 log supzn |H(Z")] (2)

n

(loose since distribution independent!)

® Finally, we have the following upper bound on the size of H(Z")

Lemma (Sauer-Shelah, MW Prop 4.18.)

If F has VC dimension dy, then for any Z" = £, ..., Z, we have
growth function Ny (n) := supznczn |H(Z")| < (n+ 1)9v¢ for all
n> dVC-

® Plugging Sauer-Shelah into eq. 2, and that into eq. 1 in the uniform
law to yield result
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Primer on margins for linear classifiers
e Class of linear classifiers F = {f : f(x) = w'xw € R}

® [ntuition in introductory lectures for linearly separable data: large
minimum distance to the boundary is good that can be computed as

WTX,'

dmin = Min yj——
i w2

where min; y;{(w, x;) is called the margin

® (Can obtain set of maximizing directions by solving
w

maxy s.t. yi(——,x;) >
7w Iwll2

which for bounded ||w||> < B is the same as solving

/ /
max s.t. vi{w. Xx;) >
L max 7 yi(w, Xi) =

® We will look the generalization performance of feasible w with

|wl||2 < B which achieve a margin of at least some ~
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Margin bound for binary classification

Key ingredient of proof (in interactive session)

Definition (ramp loss)

The ramp loss £ is defined as

1 u € (—o0,0)
(u)=91-2 uel01]
0 u € (y,00)

and %—Lipschitz.
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Margin bound for linear classifiers

Definitions

® Set of linear functions Fg = {f(x) = (w, x) : ||w|2 < B}
® Define the risk Rj(f) =137, 1y, f(x)<y and
RY(f) = Ex,y Lyr(x)<~

Assumption (A): Boundedness of covariates P(||x||» < D) =1

Theorem (margin bound for linear classifiers)

If the assumptions are valid, then for any fixed v, w/ prob. at least
1— 6, for any f € Fg we have

RO(F) = Ply # sign(F(x))] < RY(N) + =2 +c o51/%)

\for some constant ¢ > 0.
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Mimicking proof-based research in collaboration

® | earning objectives: Both for actual guarantees and presentation,
collaboration

1. Get intuition why a problem / conjecture should be true
2. Break down a proof to parts

3. Prove individual parts

® Matching questions in the interactive session today

1. Intuitively why should enforcing a large margin yield better
generalization? Show graphically (no right or wrong)

2. Given contraction inequality, ramp loss and Rademacher complexity
for linear functions, prove the margin bound

3. Prove Rademacher complexity for linear function class
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Instructions

® Groups:
® \We will divide the class into four groups of ~ 3 people each.
® Each group will solve one of the three questions jointly.

® Once you know your group, choose a representative to present later

® Group work:

® 15 minutes of discussion to solve the question - if done early, feel free
to solve another groups’ question

® Another 5 minutes to prepare the representative's blackboard
presentation

® Final presentations
® 40 minutes of 4 short presentations (7 min presentation, 3 min Q&A)
® Introduce yourself and group members by names

® Present your results.
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