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Pareto manifold of  convex objectives :  

.

K ℒk( ⋅ , ℙk)

(λ, ϑλ) ∈ ΔK−1 × ℝm : ϑλ = arg min
ϑ∈ℝm

K

∑
k=1

λkℒk(ϑ, ℙk)

Related work

Theoretical guarantees 

Application: fairness-risk trade-off 

Separate learning and optimization using re-parametrization:

Assume 


Stage 1: estimate 


Stage 2: optimize 

∃θk ≡ θk(ℙk) : ℒk(ϑ, ℙk) = ℒk(ϑ, θk)

̂θ 1, …, ̂θ K

̂ϑ ts
λ = arg min

ϑ∈ℝp

K

∑
k=1

λkℒk(ϑ, ̂θ k)

Example: Let , ,  ,


.


Then direct regularization with any penalty is lower bounded as


Xk ∈ ℝn×d yk = Xkβk + ξ, ξ ∼ 𝒩(0,σ2In) K = 2

ℒ(ϑ, ℙk) = ∥Xk(ϑ − βk)∥2
2 and ℒ(ϑ, ℙ̂k) = ∥Xkϑ − yk∥2

2

∀λ1, λ2 > 0, γ > 1, ρλ : sup
γ−1I ⪯ X⊤

k Xk ⪯ γI
∥βk∥0≤ 1

𝔼∥ ̂ϑdi
λ − ϑλ∥2

2 ≳
σ2d
n

Theorem: Under (strong) convexity in  and locally 
Lipschitz parameterization ,


.

ϑ ↦ ℒk(ϑ, θk)
θk ↦ ∇ϑℒk(ϑ, θk)

∀λ ∈ ΔK−1 : ∥ ̂ϑ ts
λ − ϑλ∥2 ≲

K

∑
k=1

λk∥ ̂θ k − θk∥

Theorem: Denote . Under convexity and 
„Lipschitz identifiability“, the minimax estimation error is at least


.

δk = inf ̂θ supℙ 𝔼∥ ̂θ − θk∥

inf
̂ϑλ

sup
ℙ

𝔼∥ ̂ϑλ − ϑλ∥2 ≳ max
k∈[K] (λkδk − ∑

i≠k

λiδi)+

.̂ϑdi
λ = arg min

ϑ∈ℝm

K

∑
k=1

λkℒk(ϑ, ℙ̂k) + ρλ(ϑ)

Goal: Estimate  from i.i.d. data 

High dimensions: Sample sizes parameter dimension

 need regularization (e.g., -penalty)! But how?

{ϑλ : λ ∈ ΔK−1} (Xk
i , Yk

i ) ∼ ℙk

= nk ≲ m =
⟹ ℓ1

Necessity of unlabeled data 

Insight 1: 
Treating multi-objective learning as a single 
learning problem fails in high dimensions!

In many cases our procedure achieves minimax rate !
⟹ maxk∈[K] λkδk

Example continued: 
Stage 1: estimate 


Stage 2: optimize 


̂β k = arg minβ∈ℝd
1
n ∥Xkβ − yk∥2

2 + αk∥β∥1
̂ϑ ts
λ = arg minϑ∈ℝd ∑K

k=1 λk∥Xk(ϑ − ̂β k)∥2
2

∀λ1, λ2 > 0, γ > 1, ρλ : sup
γ−1I ⪯ X⊤

k Xk ⪯ γI
∥βk∥0≤ 1

𝔼∥ ̂ϑ ts
λ − ϑλ∥2

2 ≲ γ7 σ2 log d
n

p ω k
!

ω
k

p ω k
«

ω
k

p!i ! !i
p!i « !i

unlabeled data

sp
ar

si
ty

+
re

gu
la

riz
at

io
n ε1 ε2

pε1

pε2

εω

pεts
ω

ε1 ε2

pε1

pε2

εω

pεts
ω

ε1 ε2

pε1
pε2

εω

pεts
ω

ε1 ε2

pε1
pε2

εω

pεts
ω

ϑλ
(ℒk(ϑλ, ℙk))K

k=1

ℝm

ℒ1

ℒ2

Random design? Use  unlabeled data to estimate covariance!N

Insight 3:  
Separating optimization and learning 

requires enough unlabeled data!

Example continued: If  are known, but covariances  unknown: βk Σk
d

n + N
≲ inf

̂ϑλ

sup
1/2⪯Σk⪯3/2

𝔼∥ ̂ϑλ − ϑλ∥2 ≤ sup
1/2⪯Σk⪯3/2

𝔼∥ ̂ϑ ts
λ − ϑλ∥2 ≲

d
n + N

1
Insight 2:  

By separating optimization and learning we 
can mitigate the curse of dimensionality!

2

3
Many existing methods (e.g., [1,2]) regularize directly

Y = ⟨X, β⟩ + ξ
[X |A] ∼ 𝒩(Aμ, I)

−μ

μ

fair subspace

β

subgroups
ℒrisk(ϑ, β, μ) = 𝔼(⟨X, ϑ⟩ − Y )2

ℒfair(ϑ, μ) = ⟨μ, ϑ⟩2


